Hyodo--Kato theory with syntomic coefficients by Yamada, Kazuki
ar
X
iv
:2
00
5.
05
69
4v
1 
 [m
ath
.A
G]
  1
2 M
ay
 20
20
HYODO–KATO THEORY WITH SYNTOMIC COEFFICIENTS
KAZUKI YAMADA
Abstract. The purpose of this article is to establish theories concerning p-adic analogues of
Hodge cohomology and Deligne–Beilinson cohomology with coefficients in variations of mixed
Hodge structures. We first study log overconvergent F -isocrystals as coefficients of Hyodo–
Kato cohomology. In particular, we prove a rigidity property of Hain–Zucker type for mixed
log overconvergent F -isocrystals. In the latter half of the article, we give a new definition of
syntomic coefficients as coefficients of p-adic Hodge cohomology and syntomic cohomology, and
prove some fundamental properties concerning base change and admissibility. In the study of
syntomic coefficients, the rigid analytic Hyodo–Kato map which for the trivial coefficient was
studied by Ertl and the author plays a key role.
Introduction
It is classically known as a central result of the Hodge theory that the cohomology groups of
complex algebraic varieties carry mixed Hodge structures, which are sometimes called Hodge
cohomology. Steenbrink and Zucker [41] introduced the notion of a variation of mixed Hodge
structures as a coefficient of Hodge cohomology. The study of variations of mixed Hodge struc-
tures is developed by Saito to the theory of mixed Hodge modules, and plays important roles
in arithmetic geometry. In particular, a variation of mixed Hodge structures is also thought as
a coefficient of Deligne–Beilinson cohomology, which is defined as the derived Hom of Hodge
cohomology complex, and related with the special values of L-functions in the context of the
Beilinson conjecture. The purpose of this article is to establish a p-adic analogue of the theory
of Hodge cohomology and Deligne–Beilinson cohomology with coefficients in variations of mixed
Hodge structures.
We first review previous research. Let V be a complete discrete valuation ring of mixed
characteristic (0, p) with fraction field K and perfect residue field k. Let L be the fraction field
of the ring of Witt vectors W := W (k). For any proper schemes X over V with semistable
reduction, Hyodo and Kato [25] constructed a map
Ψcrysπ : RΓcrys(Xk/W
0)→ RΓdR(XK/K)
which depends on the choice of a uniformizer π ∈ V , and proved that Ψcrysπ induces a quasi-
isomorphism after tensoringK with RΓcrys(Xk/W
0). This map is called the (crystalline) Hyodo–
Kato map. Here we endow X and Xk with the semistable log structures, and RΓcrys(Xk/W
0)
denotes the log crystalline cohomology over W equipped with the log structure associated to the
monoid homomorphism N→W ; 1 7→ 0.
The rational cohomology groups Hncrys(Xk/W
0)L := H
n
crys(Xk/W
0) ⊗W L are finite dimen-
sional L-vector spaces, endowed with a Frobenius-linear automorphism ϕ and an L-linear en-
domorphism N such that Nϕ = pϕN . On the other hand, the de Rham cohomology groups
HndR(XK/K) are endowed with finite descending filtrations F
•. As a consequence of the semistable
comparison theorem [5, 19, 35, 43], those structures give an object called an admissible filtered
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(ϕ,N)-module through the identification via Ψcrysπ , which include informations as rich as the
absolute Galois representation on the e´tale cohomology group Hne´t(XK ,Qp), and is regarded as
a p-adic analogue of Hodge cohomology.
We note that, in Beilinson’s proof of the semistable comparison theorem, he introduced
Beilinson–Hyodo–Kato cohomology for any varieties over K, which is also equipped with en-
domorphisms ϕ and N as above. Using this, Nekova´rˇ and Nizio l defined in [34] syntomic coho-
mology for any varieties over K as a p-adic analogue of Deligne–Beilinson cohomology. De´glise
and Nizio l proved in [15] syntomic cohomology in fact computes the derived Hom in the category
of admissible filtered (ϕ,N)-modules.
Coefficients of p-adic Hodge cohomology and syntomic cohomology were considered by Tsuji
[42] and Faltings [19], as filtered log F -crystals. De´glise and Nizio l [15] also gave a definition of
syntomic coefficients as modules over a motivic dg algebra, however the relation with the works
of Tsuji and Faltings is not clear.
Through the researches of Besser’s rigid syntomic regulators [8] for the good reduction cases,
it has been verified that rigid analytic reinterpretation of syntomic cohomology is important
for applications. In the semistable case, a rigid analytic reinterpretation of Hyodo–Kato theory
was first studied by Große-Klo¨nne in [21], and developed by Ertl and the author in [17]. The
construction of Große-Klo¨nne’s Hyodo–Kato map is based on a geometric idea, however combi-
natorially complicated, and not suitable for computation and generalization to cohomology with
coefficients.
In [18], Ertl and the author gave a very simple direct construction of the rigid analytic Hyodo-
Kato map Ψrigπ,log by choosing a uniformizer π ∈ V and a branch log : K
× → K of the p-adic
logarithm. This Hyodo–Kato map is in fact independent of the choice of a uniformizer, and
compatible with the crystalline Hyodo–Kato map and Große-Klo¨nne’s Hyodo–Kato map if log
is taken to be log(π) = 0. While Ψrigπ,log loses information of the integral structure, it is useful
for explicit computation.
In this article, we study coefficients of rigid analytic Hyodo–Kato theory using extensively the
viewpoint developed in [18]. Let k0 be Speck equipped with the log structure associated to
the monoid homomorphism N → k; 1 7→ 0. For a fine log scheme Y over k0, we consider a log
overconvergent F -isocrystal (E ,Φ) over W∅, where W∅ is SpwfW equipped with the trivial log
structure, as a coefficient of Hyodo–Kato cohomology. The object (E ,Φ) is defined as a pair
of a sheaf E on the log overconvergent site on Y over W∅ and an isomorphism Φ: σ∗E
∼=
−→ E ,
however, it is locally interpreted by a locally free sheaf with an integrable log connection on a p-
adic analytic space. The log connection is naturally extended to Kim–Hain complex (Definition
4.1), and we define the Hyodo–Kato cohomology RΓHK(Y, (E ,Φ)) with coefficients in (E ,Φ) as
the (gluing of) cohomology of a kind of de Rham type complex.
It would be worth emphasizing that the log connection is taken over W∅ (not W 0), hence it
implicitly includes the information of monodromy. Indeed, our definition of log overconvergent
F -isocrystals extends (ϕ,N)-modules, in the sense that there exists a canonical equivalence
(0.1) ModfinL (ϕ,N)
∼= F Isoc†(k0/W∅)unip
between the category of (ϕ,N)-modules and the category of unipotent log overconvergent F -
isocrystals on k0 over W∅ (Proposition 4.14).
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In the complex case, a rigidity property for unipotent variation of mixed Hodge structures
was studied by Hain and Zucker [22], and a p-adic analogue for non-logarithmic unipotent F -
isocrystals was studied by Chiarellotto [9]. We prove the following rigidity property for unipotent
log overconvergent F -isocrystals over W∅.
Theorem 0.1 (Theorem 6.13). Let Y be a connected strictly semistable log scheme over k0 and
assume that there exists a k-rational point y in the smooth locus of Y . Let πunip1 (Y, y) be the
tannakian fundamental group of unipotent log overconvergent isocrystals. Then there exists a
canonical equivalence
F Isoc†(Y/W∅)mix ∼= ModmixL (ϕ, Û(Lie π
unip
1 (Y, y))),
between the category of mixed log overconvergent F -isocrystals and the category of finite di-
mensional L-vector spaces equipped with a continuous left Û(Lie πunip1 (Y, y))-action and a σ-
semilinear automorphism ϕ which is compatible with the Frobenius on Û(Lie πunip1 (Y, y)).
Here Û(Lie πunip1 (Y, y)) the completion of the universal enveloping algebra of the Lie algebra
with respect to the augmentation ideal, which admits a natural Frobenius action induced from
the absolute Frobenius on Y . The above theorem asserts that, for every unipotent log over-
convergent F -isocrystal, both of the Frobenius structure and the mixedness are determined by
those at the fiber at a k-rational point in the smooth locus.
In the later half of this article, we will newly give a definition of syntomic coefficients, and
study p-adic Hodge cohomology and syntomic cohomology with syntomic coefficients. Choose a
uniformizer π ∈ V . Let V ♯ be Spwf V equipped with the canonical log structure (associated to
the closed point) and τπ : k
0 →֒ V ♯ the exact closed immersion which sends π to the canonical
generator of the log structure of k0. Let X be a strictly semistable weak formal log scheme over
V ♯, and Yπ := X ×V ♯,τπ k
0 the reduction of X with respect to π. A log overconvergent isocrystal
E on Yπ over W
∅ naturally defines a locally free sheaf EdR with a log connection on XQ, the
generic fiber of X . The constructions and results in [18] for the trivial coefficient immediately
extend to any log overconvergent F -isocrystal, and we obtain the Hyodo–Kato map
Ψπ,log : RΓHK(Yπ, (E ,Φ))→ RΓdR(X ,EdR) := RΓ(XQ,EdR ⊗ ω
•
X/V ♯,Q)
for any choice of a branch log : K× → K of the p-adic logarithm. (We omit the upper subscript
rig of Ψrigπ,log.) This satisfies the following properties.
Theorem 0.2 (Results in §8). (1) (Quasi-isomorphy). For any choice of π and log,
Ψπ,log,K := Ψπ,log ⊗ 1: RΓHK(Yπ, (E ,Φ))⊗L K → RΓdR(X ,EdR)
is a quasi-isomorphism if E is unipotent.
(2) (Dependence on log). For two choices log and log′ of branches of the p-adic logarithm,
we have
Ψπ,log′,K = Ψπ,log,K ◦ exp
(
−
log′(ξ)
ordπ(ξ)
·N
)
,
where ξ is any non-zero element of the maximal ideal of V such that log(ξ) = 0.
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(3) (Base change property and independence from π). Consider an inclusion V ⊂ V ′ of com-
plete discrete valuation rings of mixed characteristic (0, p) and a commutative diagram
X ′
f

// V ′♯

X // V ♯
where X ′ and X are strictly semistable over V ′♯ and V ♯, respectively. For uniformizers
π′ ∈ V ′ and π ∈ V , there exists a canonical functor
f
∗
π,π′ : F Isoc
†(Yπ/W
∅)→ F Isoc†(Y ′π′/W
′∅),
where the ringW ′ and the log scheme Y ′π′ = X
′×V ′♯,τπ′k
′0 are defined obviously. Moreover
f induces canonical morphisms
f∗HK : RΓHK(X , (E ,Φ))π → RΓHK(X
′, f
∗
π,π′(E ,Φ))π′ ,
f∗dR : RΓdR(X ,EdR)→ RΓdR(X
′, f∗EdR),
for any (E ,Φ) ∈ F Isoc†(Yπ/W
∅), which are compatible with the Hyodo–Kato maps in
the sense that
(0.2) Ψπ′,log ◦ f
∗
HK = f
∗
dR ◦Ψπ,log.
In particular, the Hyodo–Kato map is independent of the choice of a uniformizer, up
to canonical isomorphisms.
For a proper X , a (unipotent) syntomic coefficient E = (E ,Φ, F •) on X is defined as a pair
of a unipotent log overconvergent F -isocrystal (E ,Φ) on Yπ over W
∅ and a Hodge filtration
F • on EdR. Then the p-adic Hodge cohomology RΓpH(X ,E)π,log is defined as the patching of
RΓHK(Yπ, (E ,Φ)) and RΓdR(X ,EdR) by Ψπ,log, and the syntomic cohomology RΓsyn(X ,E)π is
defined as a homotopy limit which mimics the absolute p-adic Hodge cohomology. A syntomic
coefficient E is called admissible if the differentals of RΓdR(X ,EdR) are strictly compatible with
the Hodge filtration and if the p-adic Hodge cohomology groups HnpH(X ,E) are admissible as
filtered (ϕ,N)-modules. Denote by Synπ(X/V
♯) and Synadπ (X/V
♯) the exact categories of syn-
tomic coefficients and admissible syntomic coefficients, respectively. Then we will show the
following properties.
Theorem 0.3 (Results in §10). (1) (Base change property and independence from π). Let
f : X ′ → X and π, π′ be as in Theorem 0.2 (3). Then f induces a canonical functor
f∗π,π′ : Synπ(X/V
♯)→ Synπ′(X
′/V ′♯)
and canonical morphisms
f∗pH : RΓpH(X ,E)π,log → RΓpH(X
′, f∗π,π′E)π′,log,
f∗syn : RΓsyn(X ,E)π → RΓsyn(X
′, f∗π,π′E)π′
for any E ∈ Synπ(X/V
♯).
In particular, the category of syntomic coefficients, p-adic Hodge cohomology, and
syntomic cohomology are independent from the choice of a uniformizer, up to canonical
isomorphisms.
(2) (Properties and examples of admissible syntomic coefficients).
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(a) The admissibility of a syntomic coefficient is independent of the choice of log.
(b) There exist canonical equivalences
MFadK (ϕ,N)
∼= Synadπ (V
♯/V ♯)
for uniformizers π, which are compatible with each other through the equivalence in
(1). Here MFadK (ϕ,N) denotes the category of admissible filtered (ϕ,N)-modules.
(c) Assume that X is a weak completion of a proper strictly semistable log scheme. Then
a syntomic coefficient on X is admissible if it can be written as an iterated extension
of syntomic coefficients associated to admissible filtered (ϕ,N)-modules.
(3) (Interpretation as extension groups).
(a) For E,E′ ∈ Synπ(X/V
♯), we have canonical isomrophisms
HomSynπ(X/V ♯)(E
′,E)
∼=
−→ H0syn(X ,Hom(E
′,E))π
Ext1Synπ(X/V ♯)
(E′,E)
∼=
−→ H1syn(X ,Hom(E
′,E))π .
(b) For E ∈ Synadπ (X/V
♯), we may regard RΓpH(X ,E)π,log as an object of the derived
category Db(MFadK (ϕ,N)), and there exists a canonical isomorphism
RΓsyn(X ,E)π ∼= RHomMFadK (ϕ,N)
(L,RΓpH(X ,E)π,log).
Because of Theorem 0.3 (3), we may regard the syntomic cohomology as an absolute p-adic
Hodge cohomology (a p-adic analogue of the Deligne–Beilinson cohomology).
Note that we suppose the properness of X in order to consider Hodge filtrations of the de
Rham cohomology, but admit a log structure associated to a horizontal divisor. Therefore we
may deal with compactifiable cases.
One can also show that, if X is smooth and (E ,Φ) is induced from a non-logarithmic over-
convergent F -isocrystal, then Ψπ,log is independent of π and log, and coincides with the base
change map of the non-logarithmic rigid cohomology (Proposition 8.9). Therefore our theory
of syntomic coefficients is compatible with the construction in [2] of the syntomic coefficients of
Besser’s rigid syntomic cohomology for smooth schemes.
Our definitions of syntomic coefficients and the Hyodo–Kato map are useful for direct compu-
tation. For example, one may extend the methods of p-adic polylogarithms to suitable group
schemes with semistable reduction. In the case of good reduction, the p-adic polylogarithms
were constructed as classes of the non-logarithmic version of (rigid) syntomic cohomology with
syntomic coefficients, and described explicitly for some special cases [1, 3, 4, 40]. In the case of
semistable reduction, the p-adic polylogarithms should be defined as classes of the logarithmic
(rigid) syntomic cohomology with syntomic coefficients which we define in §10 of this article.
Since our construction is simple and explicit, one may calculate them as Cˇech-de Rham coycles
on p-adic analytic spaces.
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The contents of this article are as follows. In Part 1, we will study cohomology theory for
log schemes over a finite field. In §1, we will recall the notion of weak formal schemes which is
slightly generalized in [18], as a preparation. In §2, we will introduce log rigid cohomology with
coefficients in a log overconvergent isocrystal over general base. From §3, we will focus on log
overconvergent isocrystals over W∅, which will be considered as the coefficients of Hyodo–Kato
cohomology in §4. The tannakian fundamental group of log overconvergent isocrystals is studied
in §5–6. As an application, we will prove rigidity properties for the Frobenius structure.
In Part 2, we will study the cohomology theory for (strictly semistable) weak formal schemes
over a ring of mixed characteristic. We first prepare some notions and notations concerning de
Rham cohomology in §7. The main ingredient of the Hyodo–Kato theory is the Hyodo–Kato
map which will be studied in §8. In particular, we will show that the Hyodo–Kato map is
independent of the choice of a uniformizer and induces a quasi-isomorphism. We will introduce
syntomic coefficients in §9 and their admissibility in §10 by using the Hyodo–Kato map. We will
also define and study the p-adic Hodge cohomology and the syntomic cohomology with syntomic
coefficients in §10.
Part 1. Theory in positive characteristic: Hyodo–Kato cohomology with
coefficients in log overconvergent F -isocrystals
In the first half of this part, we will introduce log overconvergent (F -)isocrystals as coefficients
of Hyodo–Kato cohomology. A log overconvergent (F -)isocrystal is locally corresponds to a co-
herent locally free sheaf with an integrable log connection, passing through a Taylor isomorphism
and a log stratification. Using this identification, the Hyodo–Kato cohomology with coefficients
will be defined as the hypercohomology of a de Rham complex associated to the log connection.
This construction is an overconvergent analogue of Shiho’s log analytic cohomology in [37–39].
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In the latter half of this part, we will focus on log overconvergent (F -)isocrystals over W∅, and
study the tannakian fundamental group of unipotent log overconvergent isocrystals over W∅.
Those results are based on the methods of Chiarellotto [9] and Chiarellotto–Le Stum [11,12] for
unipotent and mixed (F -)isocrystals on smooth schemes over finite fields.
1. Weak formal schemes
In this section, we recall the notion of weak formal schemes in [18] which is slightly generalized
from the original definition in [32]. Our definition admits weak formal schemes which are not
necessarily adic over the base.
Let R be a noetherian ring with an ideal I. We first recall the notion of weakly complete
algebras.
Definition 1.1 ([33]). Let A be an R-algebra. The I-adic weak completion A† of A is the
R-subalgebra of Â consisting of elements ξ which can be written as
ξ =
∑
i≥0
Pi(x1, . . . , xr),
where x1, . . . , xr ∈ A, Pi(X1, . . . ,Xr) ∈ I
i ·R[X1, . . . ,Xr], such that there exists a constant c > 0
satisfying
c(i+ 1) ≥ degPi
for all i ≥ 0.
An R-algebra A is said to be weakly complete if A† = A, and weakly complete finitely generated
(wcfg) if there exists a surjection R[t1, . . . , tn]
† → A over R. A wcfg algebra is naturally regarded
as a topological R-algebra for the I-adic topology.
For any n ≥ 0, we denote by R[n] the polynomial algebra R[s1, . . . , sn] and by I[n] ⊂ R[n] the
ideal generated by I and s1, . . . , sn.
Definition 1.2 ([18, Definition 1.3]). A topological R-algebra A is pseudo-weakly complete
finitely generated (pseudo-wcfg) if there exists an ideal of definition J of the topology of A and
a finite generating system f1, . . . , fn ∈ A of J such that A is I[n]-adically wcfg over R[n] with
respect to the map
R[n] = R[s1, . . . , sn]→ A, si 7→ fi.
This means that there exists an integer k ≥ 0 and an R[n]-linear surjection
ρ : R[n][t1, . . . , tk]
† → A,
whose domain denotes the I[n]-adic weak completion of R[n][t1, . . . , tn]. In this case, we call ρ a
representation of A. A morphism of pseudo-wcfg algebras over R is a morphism of topological
R-algebras.
Remark 1.3. By [18, Corollary 8.5], for a pseudo-wcfg algebra A, the condition in Definition
1.2 holds for any ideal of definition J and any generating system f1, . . . , fn ∈ A of J .
Weak formal schemes in our context are defined as a gluing of weak formal spectra of pseudo-
wcfg algebras.
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Definition 1.4 ([18, Definition 1.8]). Let A be a pseudo-wcfg R-algebra with a representation
R[n][t1, . . . , tk]
† → A. For f ∈ A, we denote by A†f the I[n]-adic weak completion of Af . Then
A†f is independent of the choice of representation.
We define Spwf A to be the ringed space whose underlying topological space is SpecA/J for
some ideal of definition J of A and the structure sheaf OSpwf A is defined by
Γ(Spec (A/J)f ,OSpwf A) := A
†
f ,
for f ∈ A and f its image in A/J .
Note that the underlying topological space of SpecA/J is independent of the choice of J , and
the sheaf OSpwf A is well-defined.
Definition 1.5 ([18, Definition 1.9]). A weak formal scheme over R is a ringed space which
admits an open covering {Ui} such that each Ui is isomorphic to Spwf A for some pseudo-wcfg
R-algebra A.
This generalization allows us to define weak completion of a weak formal scheme along a locally
closed weak formal subscheme.
Proposition-Definition 1.6 ([18, Proposition 1.6 and Definition 1.11]). Let j : Z ′ →֒ Z be
an immersion of weak formal schemes over R. Then j can be written as a composition of a
closed immersion Z ′ →֒ Z ′′ and an open immersion Z ′′ →֒ Z. Let J be the ideal of Z ′ in
Z ′′. For any affine open weak formal subscheme U = Spwf A ⊂ Z ′′, take a representation
ρ : R[n][t1, . . . , tk]
† → A and a generating system f1, . . . , fm ∈ Γ(U ,J ). Then the I[n+m]-adic
weak completion of A with respect to the map R[n+m] = R[s1, . . . , sn+m]→ A given by si 7→ ρ(si)
for 1 ≤ i ≤ n and si 7→ fi−n for n + 1 ≤ i ≤ n + m is independent of the choice of ρ and
f1, . . . , fm. Therefore they glue to form a weak formal scheme Z˜, which is independent of the
choice of the factorization of j. Moreover j naturally factors through a homeomorphic closed
immersion Z ′ →֒ Z˜. We call this Z˜ the weak completion of Z along Z ′.
One may consider log structures on weak formal schemes as well as those on schemes. For a
locally closed immersion of weak formal log schemes, one can define the canonical exactification
by using weak completion in the same way as [39, Proposition-Definition 2.10, Corollary 2.11].
Proposition-Definition 1.7 ([18, Proposition-Definition 1.22]). The natural inclusion from
the category of homeomorphic exact closed immersions of weak formal log schemes over R to
the category of immersions of weak formal log schemes over R has a right adjoint of the form
(Z →֒ Z) 7→ (Z →֒ Zex). Moreover, the canonical morphism Zex → Z defined by adjointness is
e´tale. We call this right adjoint functor the exactification.
Next we recall the construction of a dagger space ZQ associated to a weak formal scheme
Z. Assume that R is a complete discrete valuation ring of mixed characteristic (0, p) with the
maximal ideal I, and let K be the fraction field of R. We note that, for a weak formal scheme
Z which is adic over R, one may associate a dagger space ZQ by tensoring K with the local
coordinate rings. The overconvergent analogue of Raynaud’s theorem was proved by Langer and
Muralidharan [30, Theorem 1.1]. We extend the definition of ZQ for weak formal schemes which
are not necessary adic over R, in the same way as [7, (0.2.6)].
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Proposition 1.8 ([18, Proposition 1.20]). Let R and K be as above. For a pseudo-wcfg algebra
A over R, take an ideal of definition J and its generating system f1, . . . , fn. For any k ≥ 1
(1.1) A
[fk1
p
, . . . ,
fkn
p
]†
:= A[X
(k)
1 , . . . ,X
(k)
n ]
†/(pX
(k)
1 − f
k
1 , . . . , pX
(k)
n − f
k
n)
is wcfg over R and independent of the choice of f1, . . . , fn. The dagger space⋃
k≥0
Sp
(
A
[fk1
p
, . . . ,
fkn
p
]†
⊗R K
)
is independent of the choice of J .
Definition 1.9 ([18, Definition 1.21]). Let R and K be as above and Z a weak formal scheme
over R. For an ideal of definition J of Z, the constructions (1.1) for affine open weak formal
subschemes glue to each other and define a weak formal scheme Zk which is adic over R. Then
{Zk}k form an inductive system whose transition maps induce open immersions Zk,Q →֒ Zk+1,Q.
Let ZQ :=
⋃
k≥1Zk,Q, which is a dagger space over K and independent of the choice of J by
Proposition 1.8. We call ZQ the generic fiber of Z.
For a morphism f : Z ′ → Z, we often denote again by f the morphism Z ′Q → ZQ induced by
f .
For a morphism of weak formal (log) schemes, we may consider the relative (log) de Rham
complex as a complex of sheaves on the weak formal scheme. However, for the definition of log
rigid cohomology, we will use only the associated complexes on the generic fiber. Namely the
following definition is enough.
Definition 1.10. Let Z be a weak formal scheme over R, and take an inductive system {Zn}
as in Definition 1.9. For any quasi-coherent sheaf F , let Fn be the inverse image of F on Zn.
Then Fn,Q = Fn⊗Q is quasi-coherent on Zn,Q. Let FQ be the quasi-coherent sheaf on ZQ whose
restriction to Zn,Q is Fn,Q.
In particular, for any morphism Z ′ → Z of weak formal log schemes, we denote by ω•Z′/Z,Q
the complex of sheaves on Z ′Q associated to the log de Rham complex of Z
′ over Z.
2. Log rigid cohomology with coefficients
In this section, we will introduce the notions of log connections, log stratifications, Taylor
isomorphisms, and log ovreconvergent isocrystals. Then we will see that a log overconvergent
isocrystal is locally interpreted by a log connection, and define log rigid cohomology with coef-
ficients in log overconvergent isocrystals.
2.1. Log connections. For any pseudo-wcfg Zp-algebra A, let A
∅ be the weak formal log
scheme whose underlying space is Spwf A and whose log structure is trivial.
Definition 2.1. A weak formal log scheme with Frobenius over Zp is a pair (Z, φ) of a weak
formal log scheme over Zp and an endomorphism φ on Z which lifts the absolute Frobenius on
Z ×Z∅p F
∅
p . A morphism f : (Z
′, φ′) → (Z, φ) of weak formal log schemes with Frobenius is a
morphism f : Z ′ → Z of weak formal log schemes such that φ ◦ f = f ◦ φ′. A morphism of weak
formal log schemes with Frobenius is said to be smooth if it is smooth as a morphism of weak
formal log schemes.
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In what follows, we consider a weak formal log scheme T over Zp or a weak formal log scheme
with Frobenius (T , σ) over Zp as a base.
Definition 2.2. Let Z be a weak formal log scheme over T .
(1) Let E be a coherent locally free sheaf on ZQ. An integrable log connection on E over T
is an OTQ -linear map
∇ : E → E ⊗OZQ ω
1
Z/T ,Q
which satisfies
• ∇(fα) = f∇(α) + α⊗ df for any local sections α ∈ E and f ∈ OZQ ,
• ∇1 ◦∇ = 0, where ∇1 : E ⊗ω1Z/T ,Q → E⊗ω
2
Z/T ,Q is induced from ∇ by ∇
1(α⊗η) :=
∇(α) ∧ η + α⊗ dη for local sections α ∈ E and η ∈ ω1Z/T ,Q.
(2) We define the category MIC(Z/T ) as follows:
• An object of MIC(Z/T ) is a pair (E ,∇) of a coherent locally free sheaf E on ZQ
and an integrable log connection ∇ on E over T ,
• A morphism f : (E ′,∇′) → (E ,∇) in MIC(Z/T ) is an OZQ -linear homomorphism
f : E ′ → E which is compatible with the log connections.
For an object (E ,∇) ∈ MIC(Z/T ), we may define ∇k : E⊗ωkZ/T ,Q → E⊗ω
k+1
Z/T ,Q for any k ∈ N,
in a similar way as ∇1. Then they define a complex E ⊗ω•Z/T ,Q. We often denote ∇
k simply by
∇.
For a commutative diagram
Z ′
f

// T ′
g

Z // T ,
we define a functor
(2.1) (f, g)∗ : MIC(Z/T )→ MIC(Z ′/T ′)
by (f, g)∗(E ,∇) := (f∗E , f∗∇) where f∗∇ is the integrable log connection which maps a local
section
f∗α = 1⊗ α ∈ OZ′
Q
⊗f−1OZQ
f−1E = f∗E
to the image of ∇(α) under the map
f−1(E⊗OZQω
1
Z/T ,Q) = f
−1E⊗f−1OZQ
f−1ω1Z/T ,Q
id⊗f♯
−−−→ f−1E⊗f−1OZQ
ω1Z′/T ′,Q = f
∗E⊗OZ′
Q
ω1Z′/T ′,Q,
where f ♯ : f−1ω1Z/T ,Q → ω
1
Z′/T ′,Q is the natural map induced by f .
In particular, a morphism f : Z ′ → Z over T induces a functor
(2.2) f∗ := (f, idT )
∗ : MIC(Z/T )→ MIC(Z ′/T ).
In addition, for a weak formal log scheme with Frobenius (Z, φ) over (T , σ), we have a functor
(2.3) φ∗ := (φ, σ)∗ : MIC(Z/T )→ MIC(Z/T ).
Definition 2.3. Let (Z, φ) be a weak formal log scheme with Frobenius over (T , σ). We define
the category FMIC((Z, φ)/(T , σ)) as follows:
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• An object of FMIC((Z, φ)/(T , σ)) is a triple (E ,∇,Φ) where (E ,∇) ∈ MIC(Z/T ) and
Φ: φ∗(E ,∇)
∼=
−→ (E ,∇) is an isomorphism in MIC(Z/T ), which we call a Frobenius struc-
ture on (E ,∇).
• Amorphism f : (E ′,∇′,Φ′)→ (E ,∇,Φ) in FMIC((Z, φ)/(T , σ)) is a morphism f : (E ′,∇′)→
(E ,∇) in MIC(Z/T ) which is compatible with the Frobenius structures.
For an object (E ,∇,Φ) ∈ FMIC((Z, φ)/(T , σ)), the composition E
φ∗
−→ φ∗E
Φ
−→ E and the
action of φ on ω•Z/T ,Q together induce a φ-semilinear endomorphism on E ⊗ ω
•
Z/T ,Q, which we
often denote by ϕ.
For a morphism f : (Z ′, φ′) → (Z, φ) of weak formal log schemes with Frobenius over (T , σ)
and (E ,∇,Φ) ∈ FMIC((Z, φ)/(T , σ)), the isomorphism
f∗Φ: φ′∗f∗E = f∗φ∗E → f∗E
defines a Frobenius structure on f∗(E ,∇). Therefore we obtain a functor
(2.4) f∗ : FMIC((Z, φ)/(T , σ))→ FMIC((Z ′, φ′)/(T , σ)).
2.2. Log stratifications. The definition of log infinitesimal neighborhood by Kato can be ex-
tended to weak formal log schemes.
Proposition-Definition 2.4 (An overconvergent analogue of [26, Remark 5.8],[37, Proposi-
tion-Definition 3.2.1]). Let C be the category of closed immersions Z ′ →֒ Z of weak formal log
schemes such that the log structure of Z ′ is fine and that of Z is coherent, and let Cn be the
category of exact closed immersions Z ′ →֒ Z of fine weak formal log schemes such that Z ′ is
defined in Z by an ideal J with J n+1 = 0. Then the canonical functor Cn → C has a right
adjoint. For an object Z ′ →֒ Z in C, its image by this adjoint functor is of the form Z ′ →֒ Z ′′.
We call this Z ′′ the n-th log infinitesimal neighborhood of Z ′ in Z.
For a weak formal log scheme Z over T and n ∈ N, let Z →֒ Z(n) be the exactification of the
diagonal embedding of Z into the (n+ 1)-fold product of Z over T . Let
pi : Z(1)→ Z (i = 1, 2), pij : Z(2)→ Z(1) (1 ≤ i < j ≤ 3), ∆: Z → Z(1)(2.5)
be the i-th projection, the (i, j)-th projection, and the diagonal morphism, respectively.
For a weak formal log scheme with Frobenius (Z, φ) over (T , σ), the product of φ naturally
induces φ(n) on Z(n). The morphisms pi, pi,j, and ∆ are compatible with the Frobenius lifts.
For n ∈ N, let Zn be the n-th infinitesimal neighborhood of Z in Z(1). Note that the
canonical morphism ZQ → Z
n
Q is homeomorphic, and hence we can regard OZnQ as a sheaf on
ZQ. Moreover, we regard OZn
Q
as a left OZQ-module by the morphism ρ
♯
1,n : OZQ → OZnQ induced
by the composition ρ1,n : Z
n → Z(1)
p1
−→ Z, and as a right OZQ-module by the morphism
ρ♯2,n : OZQ → OZnQ induced by the composition ρ2,n : Z
n → Z(1)
p2
−→ Z. Let ∆n : Z
n → Z(1)
be the canonical morphism and ∆♯n : ∆−1n OZ(1)Q → OZnQ be the induced morphism. When we
consider Frobenius structures, let φn : Zn → Zn be the morphism induced by φ(1) on Z(1). For
n, n′ ∈ N, let δn,n′ : Z
n ×ρ2,n,Z,ρ1,n′ Z
n′ → Zn+n
′
be the morphism induced by the universality
of Zn+n
′
.
Definition 2.5. Let Z be a weak formal log scheme over T .
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(1) Let E be a coherent locally free sheaf on ZQ. A log stratification on E over T is a family
of OZn
Q
-linear isomorphisms
ǫn : OZn
Q
⊗OZQ E
∼=
−→ E ⊗OZQ OZ
n
Q
for n ∈ N satisfying the following conditions:
• ǫ0 = id,
• For m > n, ǫm modulo Ker (OZm
Q
→ OZn
Q
) coincides with ǫn,
• For any n and m,
(id⊗ δ∗n,m) ◦ ǫn+m = (ǫn ⊗ id) ◦ (id ⊗ ǫm) ◦ (δ
∗
n,m ⊗ id) :
OZn+m
Q
⊗ E → E ⊗OZn
Q
⊗OZm
Q
holds.
(2) We define the category Str(Z/T ) as follows:
• An object of Str(Z/T ) is a pair (E , {ǫn}) of a coherent locally free sheaf E on ZQ
and a log stratification {ǫn} on E over T ,
• A morphism f : (E ′, {ǫ′n})→ (E , {ǫn}) in Str(Z/T ) is an OZQ -linear homomorphism
f : E ′ → E which is compatible with the log connections.
For a commutative diagram
Z ′
f

// T ′
g

Z // T ,
we define a functor
(2.6) (f, g)∗ : Str(Z/T )→ Str(Z ′/T ′)
by (f, g)∗(E , {ǫn}) := (f
∗E , {f∗ǫn}) where f
∗ǫn is the composition
OZ′n
Q
⊗OZ′
Q
f∗E = fn,∗(OZn
Q
⊗OZQ E)
fn,∗(ǫn)
−−−−−→ fn,∗(E ⊗OZQ OZ
n
Q
) = f∗E ⊗OZ′
Q
OZ′n
Q
,
and fn : Z ′n → Zn is induced by (f, f) : Z ′ ×T ′ Z
′ → Z ×T Z.
In particular, a morphism f : Z ′ → Z over T induces a functor
(2.7) f∗ := (f, idT )
∗ : Str(Z/T )→ Str(Z ′/T ).
In addition, for a weak formal log scheme (Z, φ) over (T , σ), we have a functor
(2.8) φ∗ := (φ, σ)∗ : Str(Z/T )→ Str(Z/T ).
Definition 2.6. Let (Z, φ) be a weak formal log scheme with Frobenius over (T , σ). We define
the category FStr((Z, φ)/(T , σ)) as follows:
• An object of FStr((Z, φ)/(T , σ)) is a triple (E , {ǫn},Φ) where (E , {ǫn}) ∈ Str(Z/T ) and
Φ: φ∗(E , {ǫn})
∼=
−→ (E , {ǫn}) is an isomorphism in Str(Z/T ), which we call a Frobenius
structure on (E , {ǫn}).
• Amorphism f : (E ′, {ǫ′n},Φ
′)→ (E , {ǫn},Φ) in FStr((Z, φ)/(T , σ)) is a morphism f : (E
′, {ǫ′n})→
(E , {ǫn}) in Str(Z/T ) which is compatible with the Frobenius structures.
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Note that, a morphism f : (Z ′, φ′) → (Z, φ) of weak formal log schemes with Frobenius over
(T , σ) induces a functor
(2.9) f∗ : FStr((Z, φ)/(T , σ))→ FStr((Z ′, φ′)/(T , σ)).
in a similar way as (2.4).
Next we study the correspondence between log connections and log stratifications on smooth
weak formal log schemes.
Proposition 2.7 (An overconvergent analogue of [37, Proposition 3.2.5]). Let Z be a smooth
weak formal log scheme over T . There is a canonical isomorphism of OZQ-modules
(2.10) Ψ: Ker (OZ1
Q
→ OZQ)
∼= ω1Z/T ,Q,
which satisfies the following condition: For a section x ∈ NZ , the image of u(x)−1 ∈ Ker (OZ1
Q
→
OZQ) by Ψ is equal to d log x. Here u(x) is a unique section of O
×
Z1
Q
defined by ρ♯2,1(x) =
ρ♯1,1(x)u(x).
Proof. When Z is p-adic, the statement holds by the same arguments as in [37, §3.2]. The
general case follows from the p-adic case by the definition of ZQ. 
Remark 2.8. Let (Z, φ) be a smooth weak formal log scheme with Frobenius over (T , σ). Since
the functor Ψ is canonical, it commutes with the natural action of φ on the both sides of (2.10).
Proposition 2.9. (1) Let Z be a smooth weak formal log scheme over T . Then there exists
a canonical equivalence of categories
Θ: MIC(Z/T ) ∼= Str(Z/T ).
(2) Let (Z, φ) be a smooth weak formal log scheme with Frobenius over (T , σ). Then there
exists a canonical equivalence of categories
Θ: FMIC((Z, φ)/(T , σ)) ∼= FStr((Z, φ)/(T , σ)).
Proof. By Proposition 2.7, (1) follows by applying [38, Porposition 1.2.7] to the formal groupoid
associated to Z (See also [38, Example 1.2.10]). Note that [38, Proposition 1.2.7] gives an
equivalence between coherent sheaves, and it clearly preserves locally freeness. Moreover (2)
follows immediately from (1). 
We describe the construction of the equivalence of categories in the above proposition. Let
Z be a weak formal log scheme over T , and E a coherent locally free sheaf on ZQ. If a log
stratification {ǫn} on E is given, then for any local section α ∈ E we have
ǫ1(1⊗ α)− α⊗ 1 ∈ Ker (E ⊗OZQ OZ1Q
→ E ⊗OZQ OZQ) = E ⊗OZQ Ker (OZ1Q
→ OZQ),
and the log connection ∇ is defined by
(2.11) ∇(α) := (id ⊗Ψ)(ǫ1(1⊗ α)− α⊗ 1).
Conversely, assume that Z is smooth and a log connection ∇ is given. Then a local description
of the corresponding log stratification {ǫn} is given as follows. Locally we may take sections
x1, . . . , xd ∈ NZ such that d log x1, . . . , d log xd form a basis of ω
1
Z/T ,Q. We denote their image
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in OZ again by x1, . . . , xd. Let ∂
log
j : E → E (j = 1, . . . , d) be the differential operators defined
by
(2.12) ∇(α) =
d∑
j=1
∂logj (α)d log xj.
Then ǫn is defined by
ǫn(1⊗ α) = exp(log u˜(x) · ∂
log )(α) mod In+1
:=
∑
n=(nj)j∈Nd
(∂log1 )
n1 ◦ · · · ◦ (∂logd )
nd(α)
n1! · · ·nd!
⊗ (log u˜(x1))
n1 · · · (log u˜(xd))
nd mod In+1,(2.13)
where u˜(x) is a unique section of O×Z(1)Q defined by p
∗
2(x) = p
∗
1(x)u˜(x),
log u˜(x) := log(1− (1− u˜(x))) = −
∑
k≥1
(1− u˜(x))k
k
,
and I is the ideal of ZQ in Z(1)Q. Note that (2.13) is in fact a finite sum since 1− u˜(x) ∈ I.
Proposition 2.10. Let Z be a smooth weak formal log scheme over T . Let (E ,∇) ∈ MIC(Z/T )
and denote by {ǫn} the log stratification corresponding to ∇. A local section α ∈ E is horizontal
with respect to ∇ if and only if ǫ1(1⊗ α) = α⊗ 1.
Proof. Immediately follows from (2.11) or (2.13). 
2.3. Taylor isomorphisms.
Definition 2.11. Let Z be a weak formal log scheme over T .
(1) Let E be a coherent locally free sheaf on ZQ. A Taylor isomorphism on E over T is an
OZ(1)Q -linear isomorphism ǫ : p
∗
2E
∼=
−→ p∗1E satisfying
∆∗(ǫ) = id and p∗12(ǫ) ◦ p
∗
23(ǫ) = p
∗
13(ǫ).(2.14)
(2) We define the category Str†(Z/T ) as follows:
• An object of Str†(Z/T ) is a pair (E , ǫ) of a coherent locally free sheaf E on ZQ and
a Taylor isomorphism ǫ on E over T ,
• A morphism f : (E ′, ǫ′) → (E , ǫ) in Str†(Z/T ) is an OZQ-linear homomorphism
f : E ′ → E which is compatible with the Taylor isomorphisms.
For a commutative diagram of widenings
Z ′
f

// T ′
g

Z // T ,
we define a functor
(2.15) (f, g)∗ : Str†(Z/T )→ Str†(Z ′/T ′)
by (f, g)∗(E , ǫ) := (f∗E , f∗ǫ) where f∗ǫ is the composition
p′∗2 f
∗E = f(1)∗p∗2E
f(1)∗(ǫ)
−−−−−→ f(1)∗p∗1E = p
′∗
1 f
∗E ,
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and f(1) : Z ′(1)→ Z(1) is induced by (f, f) : Z ′ ×T ′ Z
′ → Z ×T Z.
In particular, a morphism f : Z ′ → Z over T induces a functor
(2.16) f∗ := (f, idT )
∗ : Str†(Z/T )→ Str†(Z ′/T ).
In addition, for a weak formal log scheme with Frobenius (Z, φ) over (T , σ), we have a functor
(2.17) φ∗ := (φ, σ)∗ : Str†(Z/T )→ Str†(Z/T ).
Definition 2.12. Let (Z, φ) be a weak formal log scheme with Frobenius over (T , σ). We define
the category FStr†((Z, φ)/(T , σ)) as follows:
• An object of FStr†((Z, φ)/(T , σ)) is a triple (E , ǫ,Φ) where (E , ǫ) ∈ Str†(Z/T ) and
Φ: φ∗(E , ǫ)
∼=
−→ (E , ǫ) is an isomorphism in Str†(Z/T ), which we call a Frobenius structure
on (E , ǫ).
• A morphism f : (E ′, ǫ′,Φ′)→ (E , ǫ,Φ) in FStr†((Z, φ)/(T , σ)) is a morphism f : (E ′, ǫ′)→
(E , ǫ) in Str†(Z/T ) which is compatible with the Frobenius structures.
Note that, a morphism f : (Z ′, φ′) → (Z, φ) of weak formal log schemes with Frobenius over
(T , σ) induces a functor
(2.18) f∗ : FStr†((Z, φ)/(T , σ))→ FStr†((Z ′, φ′)/(T , σ)).
in a similar way as (2.4).
Lemma 2.13. (1) Let Z be a weak formal log scheme over T . There exists a canonical fully
faithful functor Str†(Z/T )→ Str(Z/T ).
(2) Let (Z, φ) be a weak formal log scheme with Frobenius over (T , σ). There exists a canon-
ical fully faithful functor FStr†((Z, φ)/(T , σ))→ FStr((Z, φ)/(T , σ)).
Proof. In both cases, a Taylor morphism on Z(1)Q induces a log stratification on Z
n by taking
the inverse image by ∆n : Z
n → Z(1). This defines the functors as desired. 
Definition 2.14. (1) Let Z be a weak formal log scheme over T . We define the category
MIC†(Z/T ) to be the essential image of the functor Str†(Z/T )→ MIC(Z/T ) given by
composing the functors in Lemma 2.13 and Proposition 2.9.
(2) Let (Z, φ) be a weak formal log scheme with Frobenius over (T , σ). Similarly to the
above, we define the category FMIC†((Z, φ)/(T , σ)) to be the essential image of the
functor FStr†((Z, φ)/(T , σ))→ FMIC((Z, φ)/(T , σ)).
(3) An object (E ,∇) ∈ MIC(Z/T ) (resp. (E ,∇,Φ) ∈ FMIC((Z, φ)/(T , σ))) or its log
connection ∇ is said to be overconvergent if (E ,∇) ∈ MIC†(Z/T ) (resp. (E ,∇,Φ) ∈
FMIC†((Z, φ)/(T , σ))).
By definition we obtain the following.
Proposition 2.15. (1) Let Z be a smooth weak formal log scheme over T . Then the functor
Θ in Proposition 2.9 induces a canonical equivalence of categories
Θ: MIC†(Z/T ) ∼= Str†(Z/T ).
(2) Let (Z, φ) be a smooth weak formal log scheme with Frobenius over (T , σ). Then the
functor Θ in Proposition 2.9 induces a canonical equivalence of categories
Θ: FMIC†((Z, φ)/(T , σ)) ∼= FStr†((Z, φ)/(T , σ)).
Remark 2.16. Through the equivalences Θ in the above proposition, a Taylor isomorphism is
restored from the corresponding log connection by the equation (2.12) without modulo In+1.
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2.4. Log overconvergent isocrystals.
Definition 2.17. (1) A widening is a triple (Z,Z, i) where Z is a fine log scheme of finite
type over Fp, Z is a weak formal log scheme whose underlying weak formal scheme is flat
over Zp, and i : Z →֒ Z is a homeomorphic exact closed immersion over Zp. A morphism
of widenings f : (Z ′,Z ′, i′)→ (Z,Z, i) is a pair f = (fFp , fZp) of morphisms fFp : Z
′ → Z
over F∅p and fZp : Z
′ → Z over Z∅p , such that fZp ◦ i
′ = i ◦ fFp .
(2) An F -widening is a quadruple (Z,Z, i, φ) where (Z,Z, i) is a widening and φ : Z → Z is
a lift of the absolute Frobenius on Z×Z∅p F
∅
p . For an F -widening (Z,Z, i, φ), the absolute
Frobenius FZ on Z and φ on Z define a morphism (FY , φ) : (Z,Z, i)→ (Z,Z, i), which we
denote by φ. A morphism of F -widenings f : (Z ′,Z ′, i′, φ′) → (Z,Z, i, φ) is a morphism
f : (Z ′,Z ′, i′)→ (Z,Z, i) of widenings such that f ◦ φ′ = φ ◦ f .
(3) A morphism f of widenings (resp. F -widenings) is said to be smooth if fZp : Z
′ → Z is
smooth.
In what follows, we consider a widening (T,T , ι) or an F -widening (T,T , ι, σ) as a base. For a
morphism f : (Z ′,Z ′, i′) → (Z,Z, i) of widenings, we often denote the morphisms fZp : Z
′ → Z
and fZp : Z
′
Q → ZQ again by f , if there is no afraid of confusion.
Definition 2.18. Let Y be a fine log scheme of finite type over T . We define the log overcon-
vergent site OC(Y/T ) = OC(Y/(T,T , ι)) of Y over (T,T , ι) as follows:
(1) An object of OC(Y/T ) is a quintuple (Z,Z, i, h, θ) where h : (Z,Z, i) → (T,T , ι) is a
morphism of widenings, and θ : Z → Y is a morphism over T .
(2) A morphism f : (Z ′,Z ′, i′, h′, θ′)→ (Z,Z, i, h, θ) in OC(Y/T ) is a morphism f : (Z ′,Z ′, i′)→
(Z,Z, i) of widenings over (T,T , ι) such that θ ◦ fFp = θ
′.
(3) A covering family in OC(Y/T ) is a family of morphisms {fλ : (Zλ,Zλ, iλ, hλ, θλ) →
(Z,Z, i, h, θ)}λ such that
• f∗λNZ = NZλ for any λ,
• The family {fλ : Zλ,Q → ZQ}λ is an admissible covering,
• The morphism (fλ,Fp, iλ) : Zλ → Z ×Z Zλ is an isomorphism for any λ.
Remark 2.19. Unlike [38, Definition 2.1.3], for an object (Z,Z, i, h, θ) ∈ OC(Y/T ) we do not
suppose that Z is p-adic. Instead we define a covering family of OC(Y/T ) by the topology of
the associated dagger spaces.
Note that an object (Z,Z, i, h, θ) is expressed by a commutative diagram
Z
θ
⑦⑦
⑦⑦
⑦⑦
⑦⑦
hFp

i // Z
hZp

Y // T
ι // T .
Proposition 2.20. The category OC(Y/T ) has products and fiber products.
Proof. The product (Z,Z, i, h, θ) × (Z ′,Z ′, i′, h′, θ′) in OC(Y/T ) is the object expressed by a
commutative diagram
Z ×Y Z
′
{{✇✇
✇✇
✇✇
✇✇
✇✇

// (Z ×T Z
′)Z×Y Z′

Y // T
ι // T ,
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where (Z ×T Z
′)Z×Y Z′ is the exactification of (i, i
′) : Z ×Y Z
′ →֒ Z ×T Z
′.
The fiber product (Z,Z, i) ×(Z′′,Z′′,i′′) (Z
′,Z ′, i′) in OC(Y/T ) is the object expressed by a
commutative diagram
Z ×Z′′ Z
′
zz✉✉✉
✉✉
✉✉
✉✉
✉

// Z ×Z′′ Z
′

Y // T
ι // T .

For a widening (Z,Z, i), let {Zn} be an inductive system of p-adic weak formal schemes over Z
of Definition 1.9 given by using the ideal of Z in Z as an ideal of definition of Z. We endow Zn
with the pull-back log structure of Z. Then i factors a homeomorphic exact closed immersion
in : Z →֒ Zn. Thus we obtain an inductive system {(Z,Zn, in)}n of widenings over (Z,Z, i) in a
canonical way, which we call the family of universal enlargements of (Z,Z, i).
Let E be a sheaf on OC(Y/T ). Then for any object (Z,Z, i, h, θ) ∈ OC(Y/T ) we may asso-
ciate a sheaf EZ = E(Z,Z,i,h,θ) on ZQ as follows: Let {(Z,Zn, in)}n be the family of universal
enlargements of (Z,Z, i). Then by ZQ =
⋃
nZn,Q, it is enough to give a compatible family of
sheaves EZn on Zn,Q. Since each Zn is p-adic, any admissible open subset U ⊂ Zn,Q is written
as U = UQ for some admissible blow-up Z
′ → Zn and an open subset U ⊂ Z
′. Therefore a sheaf
on EZn on Zn,Q is defined by Γ(U,EZn) := Γ((U,U , iU , hU , θU ),E ) where U is endowed with the
pull-back log structure of Zn, U := U ×Zn Zn, and iU , hU , and θU are defined in the obvious
way.
We denote by OY/T the sheaf on OC(Y/T ) defined by Γ((Z,Z, i, h, θ),OY/T ) := Γ(ZQ,OZQ).
Then we have OY/T ,Z = OZQ .
Definition 2.21. A log overconvergent isocrystal on Y over (T,T , ι) is an OY/T -module E on
OC(Y/T ), such that
• For any (Z,Z, i, h, θ) ∈ OC(Y/T ), the sheaf EZ on ZQ is a coherent locally free OZQ -
module,
• For any morphism f : (Z ′,Z ′, i′, h′, θ′) → (Z,Z, i, h, θ), the natural morphism f∗EZ →
EZ′ is an isomorphism.
A morphism f : E ′ → E of log overconvergent isocrystals is an OY/T -linear homomorphism. We
denote by
Isoc†(Y/T ) = Isoc†(Y/(T,T , ι))
the category of log overconvergent isocrystals on Y over (T,T , ι).
Let ̺ : (T ′,T ′, ι′)→ (T,T , ι) be a morphism of widenings and consider a commutative diagram
Y ′ //
ρ

T ′
̺Fp

Y // T.
Then we may regard an object of OC(Y ′/T ′) as an object of OC(Y/T ) via ρ and ̺. This defines
a cocontinuous functor OC(Y ′/T ′)→ OC(Y/T ), which induces a functor
(2.19) (ρ, ̺)∗ : Isoc†(Y/T )→ Isoc†(Y ′/T ′).
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In particular, a morphism f : Y ′ → Y over T induces a functor
(2.20) f∗ := (f, id(T,T ,ι))
∗ : Isoc†(Y/T )→ Isoc†(Y ′/T ).
In addition, the absolute Frobenius FT on T and a Frobenius lift σ on T together define an
endomorphism σ on (T,T , ι). This and the absolute Frobenius FY on Y together define a functor
(2.21) σ∗ := (FY , σ)
∗ : Isoc†(Y/T )→ Isoc†(Y/T ).
Definition 2.22. A log overconvergent F -isocrystal on Y over (T,T , ι, σ) is a pair (E ,Φ) of a
log overconvergent isocrystal E ∈ Isoc†(Y/T ) and an isomorphism σ∗E
∼=
−→ E , which we call a
Frobenus structure on E . A morphism f : (E ′,Φ′) → (E ,Φ) of log overconvergent F -isocrystals
is an OY/T -linear homomorphism f : E
′ → E which is compatible with the Frobenius strucures.
We denote by
F Isoc†(Y/T ) = F Isoc†(Y/(T,T , ι, σ))
the category of log overconvergnet F -isocrystals on Y over (T,T , ι, σ).
The structure sheaf OY/T with a Frobenius structure given by the natural identification
σ∗OY/T = OY/T is a log overconvergent F -isocrystal, which we denote again by OY/T .
Let ̺ : (T ′,T ′, ι′, σ′)→ (T,T , ι, σ) be a morphism of F -widenings and consider a commutative
diagram
Y ′ //
ρ

T ′
̺Fp

Y // T.
Then the functor (ρ, ̺)∗ in (2.19) induces a functor
(2.22) (ρ, ̺)∗ : F Isoc†(Y/T )→ F Isoc†(Y ′/T ′),
which associates to (E ,Φ) ∈ F Isoc†(Y/T ) an object (ρ, ̺)∗E with the Frobenius structure
(ρ, ̺)∗Φ: σ′∗ ◦ (ρ, ̺)∗E = (ρ, ̺)∗ ◦ σ∗E
(ρ,̺)∗(Φ)
−−−−−−→
∼=
(ρ, ̺)∗E .
Definition 2.23. Let Y be a fine log scheme of finite type over T . For E ,E ′ ∈ Isoc†(Y/T ), the
tensor product and internal Hom as OY/T -modules define those as log overconvergent isocrystals,
which we denote by E ⊗ E ′ and Hom(E ,E ′).
For (E ,Φ), (E ′,Φ′) ∈ F Isoc†(Y/T ), we define (E ,Φ)⊗ (E ′,Φ′) by
σ∗(E ⊗ E ′) = σ∗E ⊗ σ∗E ′
Φ⊗Φ′
−−−→ E ⊗ E ′,
and Hom((E ′,Φ′), (E ,Φ)) by
σ∗Hom(E ′,E ) = Hom(σ∗E ′, σ∗E ) → Hom(E ′,E )
f 7→ Φ ◦ f ◦Φ′−1.
We call E ∨ := Hom(E ,OY/T ) (resp. (E ,Φ)
∨ := Hom((E ,Φ),OY/T )) the dual of E (resp. (E ,Φ)).
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2.5. Realization and log rigid cohomology with coefficients. Let Y be a fine log scheme
of finite type over T . For an object (Z,Z, i, h, θ) ∈ OC(Y/T ), let Z →֒ Z(n) be as in §2.2. Let
i(n) : Z →֒ Z(n) be the composition of i with Z →֒ Z(n). Then there is a natural morphism
h(n) : (Z,Z(n), i(n)) → (T,T , ι), and we have (Z,Z(n), i(n), h(n), θ) ∈ OC(Y/T ). The mor-
phisms pi, pi,j, ∆ in (2.5) define morphisms in OC(Y/T ). For E ∈ Isoc
†(Y/T ), by the definition
of a log overconvergent isocrystal we obtain a canonical OZ(1)Q -linear isomorphism
ǫZ = ǫ(Z,Z,i,h,θ) : p
∗
2EZ
∼=
−→ EZ(1)
∼=
←− p∗1EZ ,
which satisfies the conditions (2.14). Therefore we obtain a functor
(2.23) RZ = R(Z,Z,i,h,θ) : Isoc
†(Y/T )→ Str†(Z/T ); E 7→ (EZ , ǫZ).
For (E ,Φ) ∈ F Isoc†(Y/T ), (Z,Z, i, h, θ) ∈ OC(Y/T ), and a Frobenius lift φ on Z, the mor-
phism (FZ , φ) : (Z,Z, i, h ◦ φ, θ ◦ FZ)→ (Z,Z, i, h, θ) induces an isomorphism
φ∗E(Z,Z,i,h,θ)
∼=
−→ E(Z,Z,i,h◦φ,θ◦FZ).
Since h ◦ φ = σ ◦ h and θ ◦ FZ = FY ◦ θ, we have E(Z,Z,i,h◦φ,θ◦FZ) = (σ
∗E )(Z,Z,i,h,θ). Thus we
obtain an OZQ-linear isomorphism
ΦZ,φ = Φ(Z,Z,i,h,θ),φ : φ
∗
E(Z,Z,i,h,θ)
∼=
−→ E(Z,Z,i,h◦φ,θ◦FZ) = (σ
∗
E )(Z,Z,i,h,θ)
∼=
−→
Φ
E(Z,Z,i,h,θ),
which is compatible with ǫZ . Therefore we obtain a functor
(2.24) RZ,φ = R(Z,Z,i,h,θ),φ : F Isoc
†(Y/T )→ FStr†((Z, φ)/(T , σ)); (E ,Φ) 7→ (EZ , ǫZ ,ΦZ,φ).
We call the functors RZ and RZ,φ the realization functors at (Z,Z, i, h, θ) (with respect to φ).
Remark 2.24. Let Y be a fine log scheme of finite type over T , and let (Z,Z, i, h, θ) ∈ OC(Y/T ).
Then for any E ,E ′ ∈ Isoc†(Y/T ), the realization of E ⊗E ′ at (Z,Z, i, h, θ) is given by EZ⊗OZQ E
′
Z
with the log connection
EZ ⊗OZQ E
′
Z → EZ ⊗OZQ E
′
Z ⊗OZQ ω
1
Z/T ,Q
α⊗ α′ 7→ ∇Z(α) ⊗ α
′ + α⊗∇′Z(α
′).
The realization of Hom(E ′,E ) at (Z,Z, i, h, θ) is given by HomOZQ (E
′
Z ,EZ) with the log con-
nection
HomOZQ (E
′
Z ,EZ) → HomOZQ (E
′
Z ,EZ ⊗OZQ ω
1
Z/T ,Q) = HomOZQ (E
′
Z ,EZ)⊗OZQ ω
1
Z/T ,Q
ψ 7→ ∇Z ◦ ψ − (ψ ⊗ id) ◦ ∇
′
Z .
Moreover let φ be a Frobenius lift on Z. For any (E ,Φ), (E ′,Φ′) ∈ F Isoc†(Y/T ), the realiza-
tions of (E ,Φ) ⊗ (E ′,Φ′) and Hom((E ′,Φ′), (E ,Φ)) at (Z,Z, i, h, θ) with respect to φ are given
by the above log connections and the Frobenius structures defined in a similar manner as in
Definition 2.23.
In order to show the equivalence between log overconvergent isocrystals and local data of
coherent locally free sheaves with log stratifications (or log connections), we first prepare some
propositions. The following proposition is a log overconvergent analogue of [7, Proposition
2.2.17].
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Proposition 2.25. (1) Let fj : (Z
′,Z ′, i′) → (Z,Z, i) for j = 1, 2 be morphisms of widen-
ings over (T,T , ι) such that the morphisms fk := f1,k = f2,k : Z
′ → Z. Then there
exists a canonical natural equivalence εf1,f2 : f
∗
2
∼= f∗1 between two functors Str
†(Z/T )→
Str†(Z ′/T ). Moreover, for any (E ,∇) ∈ MIC†(Z/T ) and a horizontal section α of E
with respect to ∇, we have an equality
(2.25) εf1,f2(f
∗
2 (α)) = f
∗
1 (α).
If three morphisms fj : (Z
′,Z ′, i′)→ (Z,Z, i) are given, we have an equality
(2.26) ǫf2,f3 ◦ ǫf1,f2 = ǫf1,f3 : f
∗
3
∼= f∗1 .
(2) Let fj : (Z
′,Z ′, i′, φ′) → (Z,Z, i, φ) for j = 1, 2 be morphisms of F -widenings such that
the morphisms fk := f1,k = f2,k : Z
′ → Z. Then there exists a canonical natural equiva-
lence εf1,f2 : f
∗
2
∼= f∗1 between two functors FStr
†((Z, φ)/(T , σ))→ FStr†((Z ′, φ′)/(T , σ)).
Moreover the equalities (2.25) and (2.26) also hold.
Proof. (2) follows from (1). We prove (1). Let g : Z ′ → Z(1) be the morphism induced by
(f1, f2) : Z
′ → Z ×T Z. Let (E , ǫ) ∈ Str
†(Z/T ). Since pj ◦ g = fj (j = 1, 2), there is an
isomorphism of OZ′
Q
-modules
εf1,f2 := g
∗(ǫ) : f∗2E = g
∗p∗2E
∼=
−→ g∗p∗1E = f
∗
1E .
It is enough to say that εf1,f2 commutes with f
∗
1 ǫ and f
∗
2 ǫ, that is the commutativity of the
following diagram:
p′∗2 f
∗
2E
p′∗2 (εf1,f2)=(g◦p
′
2)
∗(ǫ)

f2(1)
∗p∗2E
f2(1)∗(ǫ) // f2(1)
∗p∗1E p
′∗
1 f
∗
2E
p′∗1 (εf1,f2)=(g◦p
′
1)
∗(ǫ)

p′∗2 f
∗
1E f1(1)
∗p∗2E
f1(1)∗(ǫ) // f1(1)
∗p∗1E p
′∗
1 f
∗
1E ,
where p′j : Z
′(1) → Z ′ (j = 1, 2) are the canonical projections. Let h1 : Z
′(1) → Z(2) be the
morphism induced by (f1, g) : Z
′ ×T Z
′ → Z ×T Z ×T Z, and let h2 : Z
′(1) → Z(2) be the
morphism induced by (g, f2) : Z
′ ×T Z
′ → Z ×T Z ×T Z. Then we have
f1(1) = p12 ◦ h1, f2(1) = p23 ◦ h2, g ◦ p
′
1 = p12 ◦ h2, g ◦ p
′
2 = p23 ◦ h1.
These equations and the cocycle condition (2.14) give
f1(1)
∗(ǫ) ◦ (g ◦ p′2)
∗(ǫ) = (p12 ◦ h1)
∗(ǫ) ◦ (p23 ◦ h1)
∗(ǫ) = h∗1(p
∗
12(ǫ) ◦ p
∗
23(ǫ)) = (p13 ◦ h1)
∗(ǫ),
(g ◦ p′1)
∗(ǫ) ◦ f2(1)
∗(ǫ) = (p12 ◦ h2)
∗(ǫ) ◦ (p23 ◦ h2)
∗(ǫ) = h∗2(p
∗
12(ǫ) ◦ p
∗
23(ǫ)) = (p13 ◦ h2)
∗(ǫ).
Since p13 ◦ h1 = p13 ◦ h2, we obtained the desired commutativity.
The equality (2.25) follows immediately from Proposition 2.10.
Finally assume that another morphism f3 : (Z
′,Z ′, i′) → (Z,Z, i) is given. If we let G : Z ′ →
Z(2) be the morphism induced by (f1, f2, f3) : Z
′ → Z×T Z×T Z, then we have εfi,fj = G
∗p∗i,j(ǫ)
for any i and j. Therefore the cocycle condition (2.14) implies (2.26). 
The following is an adaptation of [37, Proposition 5.2.6] to our setting.
Proposition 2.26. Let Y be a fine log scheme of finite type over T . Assume that there exists an
object (Y,Z, i, h, idY ) ∈ OC(Y/Z) whose first entry is Y , such that hZp : Z → T is log smooth.
Then the realization functor RZ is an equivalence of categories.
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If moreover there exists a lift of Frobenius φ on Z which is compatible with σ, then the real-
ization functor RZ,φ is also an equivalence of categories.
Proof. We construct a quasi-inverse of RZ as follows. Let (E , ǫ) ∈ Str
†(Z/T ) and (Z ′,Z ′, i′, h′, θ′) ∈
OC(Y/T ). Then there is a commutative diagram
Z ′
i′

// Y
i // Z

Z ′ // T .
Since Z is smooth over T , Zariski locally there exists a morphism f : Z ′ → Z which is compatible
with the diagram. (Note that we consider the log structures with respect to Zariski topology.)
Then the definition E(Z′,Z′,i′,h′,θ′) := f
∗E and Γ(E , (Z ′,Z ′, i′, h′, θ′)) := Γ(Z ′Q, E(Z′,Z′,i′,h′,θ′)) are
well-defined, and give a sheaf E on OC(Y/T ). Indeed, if there are two morphisms fj : Z
′ → Z
for j = 1, 2 which are compatible with the above diagram, then by Proposition 2.25 we obtain
a canonical isomorphism εf1,f2 : f
∗
2E
∼= f∗1E satisfying the compatibility (2.26).
If moreover a lift of Frobenius φ on Z is given, the isomorphism
(σ∗E )(Z′,Z′,i′,h′,θ′) = E(Z′,Z′,i′,σ◦h′,FY ◦θ′) = f
∗φ∗E
f∗(Φ)
−−−→ f∗E = E(Z′,Z′,i′,h′,θ′)
induces a Frobenius structure on E . This gives a quasi-inverse of RZ,φ. 
Combining Proposition 2.9, Lemma 2.13, and Proposition 2.26, we obtain the following.
Corollary 2.27. Let Y be a fine log scheme of finite type over T . If there exists an object
(Y,Z, i, h, idY ) ∈ OC(Y/T ) whose first entry is Y such that hZp : Z → T is smooth, then we
have a commutative diagram
Isoc†(Y/T )
RZ
∼=
// Str†(Z/T )
Θ
∼=
//

MIC†(Z/T )

Str(Z/T )
Θ
∼=
// MIC(Z/T ),
where the horizontal functors are equivalences and the vertical functors are fully faithful.
If moreover a Frobenius lift φ on Z compatible with σ exists, then we also have a commutative
diagram
F Isoc†(Y/T )
RZ,φ
∼=
// FStr†((Z, φ)/(T , σ))
Θ
∼=
//

FMIC†((Z, φ)/(T , σ))

FStr((Z, φ)/(T , σ))
Θ
∼=
// FMIC((Z, φ)/(T , σ)),
where the horizontal functors are equivalences and the vertical functors are fully faithful.
In general, an object (Y,Z, i, h, idY ) as in Proposition 2.26 would not exist globally on Y ,
hence we need local constructions.
Definition 2.28. Let Y be a fine log scheme of finite type over T , A local embedding datum
for Y over (T,T , ι) is a a finite family (Zλ,Zλ, iλ, hλ, θλ)λ∈Λ of objects in OC(Y/T ) such that
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{θλ : Zλ → Y }λ is a Zariski covering by open weak formal log subschemes with NZλ = θ
∗
λNY
and the morphisms hλ : Zλ → T are smooth.
A local embedding F -datum for Y over (T,T , ι, σ) is a finite family (Zλ,Zλ, iλ, hλ, θλ, φλ)λ∈Λ
consisting of a local embedding datum (Zλ,Zλ, iλ, hλ, θλ)λ∈Λ and Frobenius lifts φλ on Zλ which
are compatible with σ.
We note that at least one local embedding datum exists in the following case.
Proposition 2.29. If T is affine and admits a chart, then a local embedding (F -)datum exists
for any fine log scheme over T .
Proof. The proof of [38, Proposition 2.2.11] is valid in our situation. 
Let Y be a fine log scheme of finite type over T and (Zλ,Zλ, iλ, hλ, θλ)λ∈Λ be a local embedding
datum for Y . For m ∈ N and λ = (λ0, . . . , λm) ∈ Λ
m+1, let
(Zλ,Zλ, iλ, hλ, θλ) := (Zλ0 ,Zλ0 , iλ0 , hλ0 , θλ0)× · · · × (Zλm ,Zλm , iλm , hλm , θλm),
where the product is taken in OC(Y/T ). If Frobenius lifts φλ are given, let φλ be the Frobenius
lift on Zλ induced by φλ0 × · · · × φλm on Zλ0 ×T · · · ×T Zλm . We denote by
prj : (Zλ,Zλ, iλ, hλ, θλ)→ (Zλj ,Zλj , iλj , hλj , θλj ) for 0 ≤ j ≤ m
prj,k : (Zλ,Zλ, iλ, hλ, θλ)→ (Zλj ,Zλj , iλj , hλj , θλj )× (Zλk ,Zλk , iλk , hλk , θλk) for 0 ≤ j < k ≤ m,
the canonical projections.
Definition 2.30. Let Y be a fine log scheme of finite type over T and (Zλ,Zλ, iλ, hλ, θλ)λ∈Λ a
local embedding datum for Y . We define the category MIC†((Zλ)λ∈Λ/T ) as follows:
• An object of MIC†((Zλ)λ∈Λ/T ) is a family {(Eλ,∇λ), ρλ0,λ1} of (Eλ,∇λ) ∈MIC
†(Zλ/T )
for λ ∈ Λ and isomorphisms ρλ0,λ1 : pr
∗
1(Eλ1 ,∇λ1)
∼=
−→ pr∗0(Eλ0 ,∇λ0) for (λ0, λ1) ∈ Λ
2,
such that for any (λ0, λ1, λ2) ∈ Λ
3 the diagram
pr∗2(Eλ2 ,∇λ2)
pr∗0,2(ρλ0,λ2) //
pr∗1,2(ρλ1,λ2) ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
pr∗0(Eλ0 ,∇λ0)
pr∗1(Eλ1 ,∇λ1)
pr∗0,1(ρλ0,λ1)
66♠♠♠♠♠♠♠♠♠♠♠♠
commutes.
• A morphism f : {(E ′λ,∇
′
λ), ρ
′
λ0,λ1
} → {(Eλ,∇λ), ρλ0,λ1} in MIC
†((Zλ)λ∈Λ/T ) is a family
f = {fλ}λ of morphisms fλ : (E
′
λ,∇
′
λ)→ (Eλ,∇λ) in MIC
†(Zλ/T ) which are compatible
with ρ′λ0,λ1 and ρλ0,λ1 .
We define the category Str†((Zλ)λ∈Λ/T ) in a similar manner.
Moreover, for a local embedding F -datum (Zλ,Zλ, iλ, hλ, θλ, φλ)λ∈Λ for Y , we define the cate-
gories FMIC†((Zλ, φλ)λ∈Λ/(T , σ)) and FStr
†((Zλ, φλ)λ∈Λ/(T , σ)) in a similar manner as above.
Since log overconvergent isocrystals satisfy descent with respect to {Zλ}λ and there are canon-
ical equivalences
Isoc†(Zλ/T )
∼=
−→ Str†(Zλ/T )
∼=
−→ MIC†(Zλ/T ),
F Isoc†(Zλ/T )
∼=
−→ FStr†((Zλ, φλ)/(T , σ))
∼=
−→ FMIC†((Zλ, φλ)/(T , σ)),
we obtain the following corollary to Proposition 2.26.
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Corollary 2.31. Let Y be a fine log scheme of finite type over T . For a local embedding datum
(Zλ,Zλ, iλ, hλ, θλ)λ∈Λ for Y , there exist canonical equivalences
(2.27) Isoc†(Y/T )
∼=
−→ Str†((Zλ)λ∈Λ/T )
∼=
−→ MIC†((Zλ)λ∈Λ/T ).
For a local embedding F -datum (Zλ,Zλ, iλ, hλ, θλ, φλ)λ∈Λ, there exist canonical equivalences
(2.28) F Isoc†(Y/T )
∼=
−→ FStr†((Zλ, φλ)λ∈Λ/(T , σ))
∼=
−→ FMIC†((Zλ, φλ)λ∈Λ/(T , σ)).
Let (Zλ,Zλ, iλ, hλ, θλ)λ∈Λ be a local embedding datum for Y . Then
(Zm,Zm, im, hm, θm) :=
∐
λ∈Λm+1
(Zλ,Zλ, iλ, hλ, θλ)
for m ≥ 0 give a simplicial object (Z•,Z•, i•, h•, θ•) in OC(Y/T ). In particular we have a
simplicial widening (Z•,Z•, i•) over (T,T , ι). For an object E ∈ Isoc
†(Y/T ), we have its re-
alizations (EZm ,∇Zm) ∈ MIC
†(Zm/T ) with isomorphisms f
∗
τ (EZm ,∇Zm)
∼=
−→ (EZn ,∇Zn) where
fτ : (Zn,Zn, in) → (Zm,Zm, im) is induced by a morphism τ : {0, . . . ,m} → {0, . . . , n} in the
simplex category. Then the complexes RΓ(Zm,Q,EZm ⊗ ω
⋆
Zm/T ,Q
) form a cosimplicial complex
RΓ(Z•,Q,EZ• ⊗ ω
⋆
Z•/T ,Q
). Note that, since the underlying Grothendieck topological space of a
dagger space is defined to be that of a rigid analytic space, we may consider Godement resolution
(see also [10, §3]), and we may regard RΓ(Zm,Q,EZm ⊗ ω
⋆
Zm/T ,Q
) as complexes.
Similarly, if (Zλ,Zλ, iλ, hλ, θλ, φλ)λ∈Λ is a local embedding F -datum, φλ give a Frobenius lift
φm on Zm. Then we obtain a simplicial F -widening (Z•,Z•, i•, φ•) over (T,T , ι, σ).
Definition 2.32. We assume that T is affine and admits a global chart, and let Y be a fine log
scheme of finite type over T .
(1) For an object E ∈ Isoc†(Y/T ), we define the log rigid cohomology RΓrig(Y/T ,E ) of
Y over (T,T , ι) with coefficients in E to be the complex associated to the cosimpli-
cial complex RΓ(Z•,Q,EZ• ⊗ ω
⋆
Z•/T ,Q
) as above, by taking a local embedding datum
(Zλ,Zλ, iλ, hλ, θλ)λ∈Λ. Note that RΓrig(Y/T ,E ) is a complex of Γ(TQ,OTQ)-modules.
(2) For an object (E ,Φ) ∈ F Isoc†(Y/T ), take a local embedding F -datum (Zλ,Zλ, iλ, hλ, θλ, φλ)λ∈Λ.
Then the endomorphisms ϕm on EZm ⊗ ω
•
Zm/T ,Q
defined as in Definition 2.3 induce a
σ-semilinear endomorphism ϕ on RΓrig(Y/T ,E ). We denote by RΓrig(Y/T , (E ,Φ)) the
pair of RΓrig(Y/T ,E ) and ϕ, and call it the log rigid cohomology of Y over (T,T , ι, σ)
with coefficients in (E ,Φ).
For the trivial coefficient OY/T , we denote RΓrig(Y/T ) := RΓrig(Y/T ,OY/T ).
Proposition 2.33. The log rigid cohomology RΓrig(Y/T ,E ) and RΓrig(Y/T , (E ,Φ)) are inde-
pendent of the choice of a local embedding (F -)data up to canonical quasi-isomorphisms.
Proof. This is given by a standard argument of rigid cohomology theory. More precisely, as-
sume that another family (Z ′λ′ ,Z
′
λ′ , i
′
λ′ , h
′
λ′ , θ
′
λ′)λ′∈Λ′ is given. Let (Z
′′
•,•,Z
′′
•,•, i
′′
•,•, h
′
•,•, θ
′′
•,•) be
the bisimplicial object given by
(Z ′′m,n,Z
′′
m,n, i
′′
m,n, h
′
m,n, θ
′′
m,n) := (Zm,Zm, im, hm, θm)× (Z
′
n,Z
′
n, i
′
n, h
′
n, θ
′
n).
Then we obtain a bicosimplicial complex RΓ(Z ′′•,•,Q,EZ′′•,• ⊗ ω
⋆
Z′′•,•/T ,Q
) with natural morphisms
RΓ(Z•,Q,EZ• ⊗ ω
⋆
Z•/T ,Q
)→ RΓ(Z ′′•,•,Q,EZ′′•,• ⊗ ω
⋆
Z′′•,•/T ,Q
)← RΓ(Z ′•,Q,EZ′• ⊗ ω
⋆
Z′•/T ,Q
).
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We prove the first morphism is a quasi-isomorphism on the associated complexes, then the
second morphism is also a quasi-isomorphism by the same reason. (We regard (bi)cosimplicial
complexes as a complex by considering the associated complexes.) It is sufficient to show that
the morphism
(2.29) RΓ(Zm,Q,EZm ⊗ ω
⋆
Zm/T ,Q
)→ RΓ(Z ′′m,•,Q,EZ′′m,• ⊗ ω
⋆
Z′′m,•/T ,Q
)
is a quasi-isomorphism for any m ∈ N. Let Um,λ′ ⊂ Zm be the open weak formal log subscheme
whose underlying topological space is Zm ∩ Zλ′ ⊂ Zm and whose log structure is the pull-back
of NZm. Then the above morphism (2.29) factors through RΓ(Um,•,Q,EUm,• ⊗ ω
⋆
Um,•/T ,Q
). By
the cohomological descent with respect to an admissible covering of a dagger space,
RΓ(Zm,Q,EZm ⊗ ω
⋆
Zm/T ,Q
)→ RΓ(Um,•,Q,EUm,• ⊗ ω
⋆
Um,•/T ,Q
)
is a quasi-isomorphism. By the strong fibration lemma [18, Proposition 1.17], the morphism
Z ′′m,n,Q → Um,n,Q is a relative open polydisk. Thus
RΓ(Um,•,Q,EUm,• ⊗ ω
⋆
Um,•/T ,Q
)→ RΓ(Z ′′m,•,Q,EZ′′m,• ⊗ ω
⋆
Z′′m,•/T ,Q
)
is also a quasi-isomorphism. It is straight forward that these constructions are compatible with
Frobenius structures. Therefore we proved the assertion. 
Let (T ′,T ′, ι′)→ (T,T , ι) be a morphism of widenings, and consider a commutative diagram
(2.30) Y ′
ρ

// T ′
̺Fp

Y // T.
For an object E ∈ Isoc†(Y/T ), we define a morphism
(2.31) (ρ, ̺)∗ : RΓrig(Y/T ,E )→ RΓrig(Y
′/T ′, (ρ, ̺)∗E )
in the derived category as follows: Let (Zλ,Zλ, iλ, hλ, θλ)λ∈Λ and (Z
′
λ′ ,Z
′
λ′ , i
′
λ′ , h
′
λ′ , θ
′
λ′)λ′∈Λ′ be
local embedding data for Y and Y ′ respectively. For m,n ∈ N, let Z ′′m,n := Zm ×Y Z
′
n and let
Z ′′m,n be the exactification of (im, i
′
n) : Z
′′
m,n →֒ Zm ×T Z
′
n. Then they form a bisimplicial object
(Z ′′•,•,Z
′′
•,•, i
′′
•,•, h
′′
•,•, θ
′′
•,•) in OC(Y
′/T ′) and a bicosimplicial complex RΓ(Z ′′•,•,Q, ((ρ, ̺)
∗E )Z′′•,• ⊗
ω⋆Z′′•,•/T ′,Q) with morphisms
RΓ(Z•,Q,EZ•⊗ω
⋆
Z•/T ,Q
)→ RΓ(Z ′′•,•,Q, ((ρ, ̺)
∗
E )Z′′•,•⊗ω
⋆
Z′′•,•/T ′,Q
)← RΓ(Z ′•,Q, ((ρ, ̺)
∗
E )Z′•⊗ω
⋆
Z′•/T ′,Q
).
The second morphism is a quasi-isomorphism by the same reason as the proof of Proposition
2.33, and therefore this induces a morphism (2.31) in the derived category.
Note that, for an F -widening (T,T , ι, σ), a fine log scheme Y of finite type over T , and an
object (E ,Φ) ∈ F Isoc†(Y/T ), the endomorphism ϕ on RΓrig(Y/T , (E ,Φ)) coincides with the
endomorphism σ∗ = (σ, FY )
∗ defined by the above construction.
Let (T ′,T ′, ι′, σ′) → (T,T , ι, σ) be a morphism of F -widenings, and consider a commutative
diagram (2.30). Then for an object (E ,Φ) ∈ F Isoc†(Y/T ), the morphism (2.31) is compatible
with Frobenius structures. Hence we have a morphism
(2.32) (ρ, ̺)∗ : RΓrig(Y/T , (E ,Φ))→ RΓrig(Y
′/T ′, (ρ, ̺)∗(E ,Φ)).
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Proposition 2.34. Let (T,T , ι) be a widening and Y a fine log scheme of finite type over T .
Consider a strict smooth affine morphism ̺Zp : T
′ → T admitting a global chart and a Cartesian
diagram
Y ′
ρ

// T ′
̺Fp

// T ′
̺Zp

Y // T // T .
Then for any E ∈ Isoc†(Y/T ) the map (2.31) induces a quasi-isomorphism
(ρ, ̺)∗ : RΓrig(Y/T ,E )⊗A A
′ ∼=−→ RΓrig(Y
′/T ′, (ρ, ̺)∗E ),
where A := Γ(TQ,OTQ) and A
′ := Γ(T ′Q,OT ′Q).
Moreover let σ and σ′ be Frobenius lifts on T and T ′ which are compatible each other via ̺Zp .
Then for any (E ,Φ) ∈ F Isoc†(Y/T ) the map (2.32) induces a quasi-isomorphism
(ρ, ̺)∗ : RΓrig(Y/T , (E ,Φ))⊗A A
′ ∼=−→ RΓrig(Y
′/T ′, (ρ, ̺)∗(E ,Φ))
which is compatible with the Frobenius structures.
Proof. A local embedding datum for Y over T immediately gives a local embedding datum for
Y ′ over T ′ by taking base change by T ′ → T . One can see that the morphism on cohomology
complexes induced by the natural projection coincides with (2.31) (resp. (2.32)). By the strict
smoothness of ̺Zp , A
′ is flat over A and we have ω•Z×T T ′/T ′,Q = ω
•
Z/T ,Q ⊗A A
′ for any smooth
weak formal log scheme Z over T . Thus the assertions follow. 
Remark 2.35. If T is not affine or if T does not admit a chart globally, one should take
an affine open covering {Tµ}µ of T such that each Tµ admits a chart. Then we may realize log
overconvergent isocrystals on Y over (T,T , ι) via those on Yµ over (Tµ,Tµ, iµ), where Yµ := Y ×T
Tµ and Tµ := T ×T Tµ. The same holds also for log overconvergent F -isocrystals. Throughout
the article, we will consider only affine weak formal log schemes with a global chart as a base.
3. Log overconvergent isocrystals over W∅
Let k be a perfect field of characteristic p > 0, W = W (k) the ring of Witt vectors of k,
and L the fraction field of W . Let ι : k∅ →֒ W∅ be the natural exact closed immersion. Let S
be SpwfW JsK endowed with the log structure associated to the map N → W JsK; 1 7→ s, and
τ : k0 →֒ S the exact closed immersion defined by the ideal (p, s). Let W 0 be the exact closed
weak formal log subscheme of S defined by the ideal generated by s, and let τ0 : k
0 →֒W 0 be the
exact closed immersion induced by τ : k0 →֒ S. We denote by σ the Frobenius endomorphism
on W∅ and its extensions to S and W 0 defined by s 7→ sp.
We note that S is smooth over W∅, hence a smooth widening over (k0,S, τ) is also smooth
over (k∅,W∅, ι). For any fine weak formal log scheme Z over S (in particular for any fine log
scheme over k0), we again denote by s ∈ NZ the image of s ∈ NS .
In this section we will study fundamental properties of log overconvergent (F -)isocrystals over
W∅ on strictly semistable log schemes over k0, and introduce some classes of log overconvergent
(F -)isocrystals.
Definition 3.1. (1) A log scheme Y over k0 is said to be strictly semistable if Zariski locally
there exist integers n ≥ 1,m ≥ 0 and a strict smooth morphism
Y → (Spec k[x1, . . . , xn, y1, . . . , ym]/(x1 · · · xn),N )
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where the log structure N is induced by the map
Nn ⊕ Nm → k[x1, . . . , xn, y1, . . . , ym]/(x1 · · · xn); ((ki), (ℓj)) 7→ x
k1
1 · · · x
kn
n y
ℓ1
1 · · · y
ℓm
m .
We call the simple normal crossing divisor on Y locally defined by y1 · · · ym the horizontal
divisor of Y .
(2) A weak formal log scheme Z over S or a weak formal log scheme with Frobenius (Z, φ)
over (S, σ) is said to be strictly semistable if Zariski locally on Z there exist integers
n ≥ 1, m ≥ 0 and a strict smooth morphism
Z → (SpwfW JsK[x1, . . . , xn, y1, . . . , ym]
†/(s − x1 · · · xn),N )
where the log structure N is induced by the map
Nn ⊕Nm →W JsK[x1, . . . , xn, y1, . . . , ym]
†/(s − x1 · · · xn); ((ki), (ℓj)) 7→ x
k1
1 · · · x
kn
n y
ℓ1
1 · · · y
ℓm
m .
We call the simple normal crossing divisor on Z locally defined by y1 · · · ym the horizontal
divisor of Z.
(3) Let Y be a strictly semistable log scheme over k0. An object (Z,Z, i, h, θ) ∈ OC(Y/S)
is said to be strictly semistable if the underlying widening Z is so.
We first show that the existence of Frobenius structure implies the overconvergence of an
integrable log connection.
Theorem 3.2. Let (Z, φ) be a a strictly semistable weak formal log scheme over (S, σ). Then
any object (E ,∇,Φ) ∈ FMIC((Z, φ)/(W∅, σ)) is overconvergent. In other words, the canonical
functor FMIC†((Z, φ)/(W∅, σ))→ FMIC((Z, φ)/(W∅, σ)) is an isomorphism of categories.
Proof. Considering locally, we may assume that E is free, Z = Spwf A is affine, and there exists
a commutative diagram
A′ :=W Jw1, . . . , wq, x1, . . . , xrK[y1, . . . , ys, z1, . . . , zt]
† // // A
W Jw1, . . . , wq, x1, . . . , xrK[y1, . . . , ys]
†
33❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
OO
where the upper horizontal map is surjective, the right diagonal map is adic e´tale, and the log
structure of Z is induced by the map
Nr ⊕ Ns → A, (β, γ) 7→ xβyγ = xβ11 · · · x
βr
r y
γ1
1 · · · y
γs
s .
If we put n := q + r + s and
vi := wi − 1 (i = 1. . . . , q), vq+j := xj (j = 1, . . . , r), and vq+r+k := yk (k = 1, . . . , s),
then ω1Z/W∅,Q is a free OZQ-module generated by d log v1, . . . , d log vn. Let ∂
log
h : E → E for
h = 1, . . . , n be the differential operators as in (2.12). For a basis e1, . . . , em of E , if we write as
∂logh (ej) =
m∑
i=1
ξ
(h)
i,j ei
with ξ
(h)
i,j ∈ A˜ := Γ(ZQ,OZQ), then the log connection ∇ is uniquely determined by the matrices
Bh := (ξ
(h)
i,j )i,j ∈Mm(A˜) for h = 1, . . . , n. For ν ∈ Q>0 we let
Zν := {P ∈ ZQ | |wi(P )|, |xj(P )| ≤ p
−1/ν for any i, j}.
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For any ν, by fixing a, b ∈ N with ab−1 = ν we may take a weak formal model
Aν := A
[wai
pb
,
xaj
pb
]†
i,j
= A[Ui, Vj ]
†
i,j/(p
bUi − w
a
i , p
bVj − x
a
j )
where i and j run all i = 1, . . . , q and j = 1, . . . , r. Then we have A˜ =
⋂
ν(Aν ⊗W L) and
ZQ =
⋃
ν Zν .
We first claim that for any ν ∈ Q>0 there exists a basis e1, . . . , em such that Bh ∈Mm(Aν) for
any h. Indeed, for any choice of a basis there exists an integer c ≥ 0 such that Bh ∈Mm(p
−cAν).
We denote again by φ the endomorphism on A induced by φ on Z. Since φ preserves log
structures and φ modulo p is the absolute Frobenius, we may write as φ(vh) = v
p
hgh with
gh ∈ 1 + pA. Therefore we have
φ(d log vh) = pd log vh + d log gh = pd log vh + g
−1
h d(gh − 1),
which can be divided by p. Let φ∗ej := 1⊗ ej ∈ OZQ ⊗φ−1OZQ
φ−1E = φ∗E . Then by
φ∗∇(φ∗ej) =
n∑
h=1
m∑
i=1
φ(ξ
(h)
i,j )φ
∗ei ⊗ φ(d log vh),
the matrices defining φ∗∇ with respect to the basis φ∗e1, . . . , φ
∗em belong to Mm(p
1−cAν).
Thus the matrices defining ∇ with respect to the basis Φ(φ∗e1), . . . ,Φ(φ
∗em) also belong to
Mm(p
1−aAν). By repeating this argument we proved the claim.
We will show that the Taylor isomorphism
(3.1) ǫ(1⊗ ζ) :=
∑
k=(kj)j∈Nn
(∂log1 )
k1 ◦ · · · ◦ (∂logn )kn(ζ)
k1! · · · kn!
⊗ (log u(v1))
k1 · · · (log u(vn))
kn
for any local section ζ ∈ OZQ is well-defined. Note that, if we put A(1) := Γ(Z(1),OZ(1)) there
exists a surjection
A′(1) :=W JWi,W
′
i ,XjX
′
j , Y
′
k, Z
′
ℓK[Yk, Zℓ]
†
i,j,k,ℓ → A(1)
where i, j, k, ℓ run through
1 ≤ i ≤ q, 1 ≤ j ≤ r, 1 ≤ k ≤ s, 1 ≤ ℓ ≤ t,
andWi maps to p
∗
1(wi) ∈ A(1),W
′
i maps to u(wi)−1, and the similar manner holds forXj , Yk, Zℓ.
For ν = ab−1 and ν ′ = a′b′−1, let
A′(1)ν,ν′ := A
′(1)
[W ai
pb
,
W ′a
′
i
pb′
,
Xaj
pb
,
X ′a
′
j
pb′
,
Y ′a
′
k
pb′
,
Z ′a
′
ℓ
pb′
]†
and A(1)ν,ν′ := A(1)⊗
†
A′(1) A
′(1)ν,ν′ .
We first show that ǫ is well-defined on Z(1)ν,ν′ := Sp (A(1)ν,ν′ ⊗W L) ⊂ Z(1)Q for some ν and
ν ′. Let ν, ν ′ ∈ Q>0 and η := p
−1/ν , η′ := p−1/ν
′
. We may assume that B1, . . . , Bn ∈Mm(Aν) by
taking an appropriate basis depending on ν. For a real number ρ > 1, let ‖ · ‖η,η′,ρ be the norm
on A′(1)ν,ν′ ⊗W L defined by∥∥∥∑ aα,α′,β,β′,γ,γ′,δ,δ′WαW ′α′XβX ′β′Y γY ′γ′ZδZ ′δ′∥∥∥
η,η′,ρ
:= sup|aα,α′,β,β′,γ,γ′,δ,δ′ |η
|α|+|β|η′|α
′|+|β′|+|γ′|+|δ′|ρ|γ|+|δ| ∈ R≥0 ∪ {∞}.
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We denote again by ‖ · ‖η,η′,ρ the quotient norm on A(1)ν,ν′ ⊗W L induced by ‖ · ‖η,η′,ρ on
A′(1)ν ⊗W L. Then we have
(3.2) ‖ log u(vh)‖η,η′,ρ ≤ max
i≥1
η′i
|i|
for h = 1, . . . , n. Let
ζ =
m∑
j=1
ζjej ∈ Eν := E|Zν =
m⊕
j=1
(Aν ⊗W L)ej .
Then by
∂logh (ζ) =
m∑
j=1
m∑
i=1
(ξ
(h)
i,j ζj + ∂
log
h (ζi))ei,
we obtain
(3.3) ‖∂logh (ζ)‖η,η′ ,ρ ≤ maxi,j
{‖ξ
(h)
i,j ζj‖η,η′,ρ, ‖∂
log
h (ζi)‖η,η′ ,ρ},
where we denote ‖p∗1(θ)‖η,η′,ρ simply by ‖θ‖η,η′,ρ for any θ ∈ Aν ⊗W L. Since
∂logi (w
αxβyγzδ) = αiw
α−1i(wi + 1)x
βyγzδ +
t∑
ℓ=1
δℓw
αxβyγzδ−1ℓ∂logi (zℓ),
∂logq+j(w
αxβyγzδ) = βjw
αxβyγzδ +
t∑
ℓ=1
δℓw
αxβyγzδ−1ℓ∂logq+j(zℓ),
∂logq+r+k(w
αxβyγzδ) = γkw
αxβyγzδ +
t∑
ℓ=1
δℓw
αxβyγzδ−1ℓ∂logq+r+k(zℓ)
for 1 ≤ i ≤ q, 1 ≤ j ≤ r, 1 ≤ k ≤ s, we have
‖∂logh (ζi)‖η,η′ ,ρ ≤ maxℓ
{η−1‖ζi‖η,η′,ρ, ρ
−1‖∂logh (zℓ)ζi‖η,η′,ρ}.
Since ∂logh (zℓ) ∈ Aν , we obtain
‖∂logh (ζi)‖η,η′ ,ρ ≤ η
−1‖ζi‖η,η′,ρ
for any ρ > 1 sufficiently close to 1. Moreover we also have
‖ξ
(h)
i,j ζj‖η,η′,ρ ≤ η
−1‖ζj‖η,η′,ρ
for any ρ > 1 sufficiently close to 1, since Bh = (ξ
(h)
i,j )i,j ∈Mm(Aν). Consequently, (3.3) implies
that
(3.4) ‖∂logh (ζ)‖η,η′ ,ρ ≤ η
−1‖ζ‖η,η′,ρ
for any ρ > 1 sufficiently close to 1. Therefore by (3.2) and (3.4) we obtain∥∥∥∥∥(∂log1 )k1 ◦ · · · ◦ (∂logn )kn(ζ)k1! · · · kn! ⊗ (log u(v1))k1 · · · (log u(vn))kn
∥∥∥∥∥
η,η′,ρ
≤
1
|k1! · · · kn!|
(
η−1max
i≥1
η′i
|i|
)k1+···+kn
(3.5)
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for some ρ. When ν ′ is sufficiently smaller than ν, (3.5) converges to zero for k1 + · · ·+ kn → 0.
This shows that the Taylor isomorphism (3.1) is well-defined on Z(1)ν0,ν′0 for some ν0, ν
′
0 ∈ Q>0.
Finally we will see that ǫ extends to whole Z(1)Q by using Frobenius. If we write φ(wi) = w
p
i gi
with gi ∈ 1 + pA, we have
φ(1)♯(1− u(wi)) = 1− u(gi)u(wi)
p = 1− u(gi) + u(gi)(1− u(wi)
p)
= p∗1(g
−1
i ) (p
∗
1(gi)− p
∗
2(gi))
+u(gi)
(1− u(wi))p + p(1− u(wi)) p−2∑
j=1
1
j
(
p− 1
j − 1
)
(1− u(wi))
j−1
 .(3.6)
If we put gi = 1 + pg
′
i, we have
p∗1(gi)− p
∗
2(gi) = p(p
∗
1(g
′
i)− p
∗
2(g
′
i)),
and p∗1(g
′
i)− p
∗
2(g
′
i) belongs to the ideal generated by all
p∗1(wi)− p
∗
2(wi), p
∗
2(xj)− p
∗
1(xj), p
∗
2(yk)− p
∗
1(yk), p
∗
2(zℓ)− p
∗
1(zℓ).
Similar equations as (3.6) hold also for xi, yk, zℓ. Thus we see that
φ(1)♯(A(1)ν,ν′ ⊗W L) ⊂ A(1)ν/p,max{ν′/p,ν′/(ν′+1)} ⊗W L.
Hence For any ν, ν ′ we have
φ(1)(Z(1)ν,ν′ ) ⊂
{
Z(1)pν,pν′ (ν
′ ≥ (p− 1)/p),
Z(1)pν,ν′/(1−ν′) (ν
′ ≤ (p− 1)/p).
We define a sequence (νn, ν
′
n) for n ≥ 0 by taking (ν0, ν
′
0) as before for n = 0 and by
νn+1 := pνn and ν
′
n+1 :=
{
pν ′n (ν
′
n ≥ (p− 1)/p),
ν ′n/(1− ν
′
n) (ν
′
n < (p− 1)/p).
If ǫ is defined on Z(1)νn,ν′n , then the composition
(p∗2E)|Z(1)νn+1,ν′n+1
p∗2(Φ
−1)
−−−−−→
∼=
(p∗2φ
∗E)|Z(1)νn+1,ν′n+1
= (φ(1)∗p∗2E)|Z(1)νn+1 ,ν′n+1
= OZ(1)νn+1,ν′n+1
⊗φ(1)−1OZ(1)
νn,ν
′
n
φ(1)−1(p∗2E)|Z(1)νn,ν′n
1⊗ǫ
−−→
∼=
OZ(1)νn+1,ν′n+1
⊗φ(1)−1OZ(1)
νn,ν
′
n
φ(1)−1(p∗1E)|Z(1)νn,ν′n
= (φ(1)∗p∗1E)|Z(1)νn+1,ν′n+1
= (p∗1φ
∗E)|Z(1)νn+1 ,ν′n+1
p∗1(Φ)−−−→
∼=
(p∗1E)|Z(1)νn+1 ,ν′n+1
is an extension of ǫ to Z(1)νn+1,ν′n+1 . Thus ǫ extends to Z(1)Q =
⋃
n≥0 Z(1)νn,ν′n . 
In the non-logarithmic situation, the category of overconvergent isocrystals is abelian, since
any coherent sheaf with integrable connection is locally free. However this is not true for log
overconvergent isocrystals in general. In order to ensure abelianness, we introduce the notion of
log overconvergent isocrystals with nilpotent residues, following Ogus [36] (see also [27]).
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Definition 3.3. Let Y be a strictly semistable log scheme over k0. We say an object E ∈
Isoc†(Y/W∅) has nilpotent residues if for any strictly semistable object (Z,Z, i, h, θ) ∈ OC(Y/S)
the realization of E at (Z,Z, i, h′, θ) ∈ OC(Y/W∅), where h′ is defined to be the composition of
h with the natural morphism E →W∅, has nilpotent residues with respect to the generators of
the log structure, in the sense of [27, Definition 2.3.9]. More precisely, Zariski locally on Z we
take a strict smooth morphism
Z → (SpwfW JsK[x1, . . . , xn, y1, . . . , ym]
†/(s − x1 · · · xn),N )
as in Definition 3.1. Let v be one of xi or yj, and D ⊂ ZQ be the closed dagger subspace
defined by one of v. If we let Ω1ZQ the sheaf of (non-logarithmic) differentials on ZQ and I :=
{x1, . . . , xn, y1, . . . , ym} \ {v}, we have
Coker
(
EZ ⊗
(
Ω1ZQ ⊕
⊕
z∈I
OZQd log z
)
→ EZ ⊗ ω
1
Z/W∅,Q
)
= EZ ⊗OD · d log v.
Then the composition of ∇Z : EZ → EZ ⊗ ω
1
Z/W∅,Q with the projection EZ ⊗ ω
1
Z/W∅,Q →
EZ ⊗OD · d log v induces a morphism EZ ⊗OD → EZ ⊗OD · d log v. Identifying EZ ⊗OD · d log v
with EZ ⊗OD, we obtain an endomorphism resv on EZ ⊗OD, which we call the residue along D.
We denote by Isoc†(Y/W∅)nr the full subcategory of Isoc†(Y/W∅) consisting of log overcon-
vergent isocrystals with nilpotent residues.
Proposition 3.4. Let Y be a strictly semistable log scheme over k0. The categories Isoc†(Y/W∅)nr
and F Isoc†(Y/W∅) are abelian.
Proof. To prove Isoc†(Y/W∅)nr is abelian, it suffices to show that for any morphism f : E ′ →
E in Isoc†(Y/W∅)nr and any object (Z,Z, i, h, θ) ∈ OC(Y/W∅) the kernel and cokernel of
fZ : E
′
Z → EZ are locally free. Since Y is locally embeddable into a strictly semistable weak
formal log scheme over S, it is enough to consider the case when (Z,Z, i, h, θ) is induced from
a strictly semistable object in OC(Y/S). Then the locally freeness of the kernel and cokernel
follows from [27, Lemma 3.2.14]. Since a Frobenius structure implies the nilpotence of residues,
F Isoc†(Y/W∅) is also abelian. 
Definition 3.5. Let Y be a strictly semistable log scheme over k0.
(1) An object E ∈ Isoc†(Y/W∅)nr is said to be unipotent if E is an iterated extension of
OY/W∅ . We denote by Isoc
†(Y/W∅)unip the full subcategory of Isoc†(Y/W∅)nr consisting
of unipotent objects.
(2) An object (E ,Φ) ∈ F Isoc†(Y/W∅) is said to be unipotent if E is unipotent. We denote
by F Isoc†(Y/W∅)unip the full subcategory of F Isoc†(Y/W∅) consisting of unipotent
objects.
Proposition 3.6. The unipotence is closed under extension, subobject, quotient, tensor product,
internal Hom, and dual in the categories Isoc†(Y/W∅)nr and F Isoc†(Y/W∅). In particular the
categories Isoc†(Y/W∅)unip are F Isoc†(Y/W∅)unip are abelian.
Proof. The assertion for Isoc†(Y/W∅)nr follows by the same proof as [11, Proposition 2.3.2], and
immediately implies the assertion for F Isoc†(Y/W∅). 
Next we recall the definition of (ϕ,N)-modules and some related notions, and then give the
definition of constant and pseudo-constant log overconvergent (F -)isocrystals.
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Definition 3.7. (1) We define the category ModL(N) as follows:
• An object of ModL(N) is an L-vector space M equipped with an L-linear endomor-
phism N called the monodromy operator.
• A morphism f : M ′ → M is an L-linear map f : M ′ → M compatible with the
monodromy operators.
(2) Let ModfinL (N) be the full subcategory of ModL(N) consisting of objects having finite
dimension and nilpotent monodromy operator. We regard the category ModfinL of fi-
nite dimensional L-vector spaces as the full subcategory of ModfinL (N) consisting objects
whose monodromy operators are zero maps.
(3) We define the category ModL(ϕ,N) as follows:
• An object of ModL(ϕ,N) is an L-vector space M equipped with a σ-semilinear
endomorphism ϕ called the Frobenius operator and an F -linear endomorphism on
M called the monodromy operator, such that Nϕ = pϕN .
• A morphism f : M ′ → M is an L-linear map f : M ′ → M compatible with the
Frobenius operators and the monodromy operators.
(4) Let ModfinL (ϕ,N) be the full subcategory of ModL(ϕ,N) consisting of having finite di-
mension and bijective Frobenius operator. Note that Nϕ = pϕN implies the nilpotence
of N . Let ModfinL (ϕ) be the full subcategory of Mod
fin
L (ϕ,N) consisting of objects whose
monodromy operators are zero maps.
(5) For M,M ′ ∈ ModL(ϕ,N), the tensor product is defined to be the space M ⊗L M
′ with
the Frobenius operator ϕ⊗ ϕ′ and the monodromy operator N ⊗ idM ′ + idM ⊗N
′. For
M,M ′ ∈ ModfinL (ϕ,N), the internal Hom is defined to be the space HomL(M
′,M) with
the Frobenius operator associating ϕ◦f ◦ϕ′−1 to f ∈ HomL(M
′,M) and the monodromy
operator associating N ◦ f − f ◦N ′ to f ∈ HomL(M
′,M). Tensor products in ModL(ϕ)
and ModL(N) and internal Hom in Mod
fin
L (ϕ) and ModL(N) are defined in a similar
manner.
(6) For r ∈ Z, let L(r) be an object of ModfinL (ϕ) given by the vector space L and the
Frobenius operator p−rσ. For any object M ∈ ModL(ϕ,N) and r ∈ Z, we denote
M(r) := M ⊗ L(r).
Definition 3.8. Let Y be a strictly semistable log scheme over k0.
(1) Let (Zλ,Zλ, iλ, hλ, θλ, φλ)λ∈Λ be a local embedding F -datum for Y over (k
0,S, τ, σ). As
in §2.5 for any λ = (λ0, . . . , λm) ∈ Λ
m+1 let
(Zλ,Zλ, iλ, hλ, θλ) := (Zλ0 ,Zλ0 , iλ0 , hλ0 , θλ0)× · · · × (Zλm ,Zλm , iλm , hλm , θλm) ∈ OC(Y/W
∅),
but the product is taken in OC(Y/W∅), not in OC(Y/S). Let
(Zm,Zm, im, hm, θm) :=
∐
λ∈Λm+1
(Zλ,Zλ, iλ, hλ, θλ) ∈ OC(Y/W
∅),
and let φm be the Frobenius lift on Zm induced by the family of φλ. For an object
M ∈ ModfinL (ϕ,N), we define the log overconvergent F -isocrystal associated to M to
be the object Ma ∈ F Isoc†(Y/W∅) which corresponds via Corollary 2.31 to the family
{(Mλ,∇λ,Φλ), ρλ0,λ1} defined as follows:
• For any λ ∈ Λ, the object (Mλ,∇λ,Φλ) ∈ FMIC
†(Zλ/W
∅) is given by
∇λ : Mλ =M ⊗L OZλ,Q → M ⊗L ω
1
Zλ/W∅,Q
=Mλ ⊗ ω
1
Zλ/W∅,Q
m⊗ f 7→ N(m)⊗ fd log s+m⊗ df,
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and
Φλ : φ
∗
λMλ =M ⊗L φ
∗
λOZλ,Q =M ⊗L OZλ,Q
ϕ⊗id
−−−→M ⊗L OZλ,Q =Mλ.
• For any (λ0, λ1) ∈ Λ
2, the isomorphism ρλ0,λ1 : pr
∗
1(Mλ1 ,∇λ1 ,Φλ1)
∼=
−→ pr∗0(Mλ0 ,∇λ0 ,Φλ0)
is given by
exp
(
log
pr∗1(s)
pr∗0(s)
·N
)
: pr∗1Mλ1 =M ⊗L OZλ0,λ1,Q → M ⊗L OZλ0,λ1,Q = pr
∗
0Mλ0 ,
m⊗ f 7−→
∑
n≥0
Nn(m)⊗
1
n!
(
log
pr∗1(s)
pr∗0(s)
)n
f,
which is well-defined since N is nilpotent.
In fact the log connections ∇λ corresponds to the Taylor isomorphism
ǫλ := exp(log u˜(s) ·N),
where we recall that u˜(s) is defined by p∗2(s) = p
∗
1(s)u˜(s). Hence ∇λ are overconvergent.
This definition gives an exact tensor functor
(·)a : ModfinL (ϕ,N)→ F Isoc
†(Y/W∅)unip.
Similarly we also have an exact tensor functor
(·)a : ModfinL (N)→ Isoc
†(Y/W∅)unip.
(2) An object E ∈ Isoc†(Y/W∅) is said to be constant (resp. pseudo-constant) if it is iso-
morphic to Ma for some M ∈ ModfinL (resp. M ∈ Mod
fin
L (N)). An object (E ,Φ) ∈
F Isoc†(Y/W∅) is said to be constant (resp. pseudo-constant) if it is isomorphic to Ma
for some M ∈ ModfinL (ϕ) (resp. M ∈ Mod
fin
L (ϕ,N)).
Remark 3.9. For a pseudo-constant log overconvergent isocrystal Ma ∈ Isoc†(Y/W∅), its pull-
back to Isoc†(Y/S) is given by the constant sheaf M ⊗OY/S . Moreover M
a itself is given by the
constant sheaf M ⊗ OY/W∅ if the monodromy operator is trivial, but not in general. A direct
description ofMa for general case is given as follows: For any object (Z,Z, i, h, θ) ∈ OC(Y/W∅),
let JZ be the ideal of Z in Z and N
s
Z ⊂ NZ the subsheaf consisting of preimages of s ∈ NZ . Note
that N sZ is represented by S in the sense that Γ(U ,N
s
Z) = Hom(U ,S) for any open weak formal
subscheme U ⊂ Z. Since i is a homeomorphic exact closed immersion, it follows that 1 + JZ
acts on N sZ freely and transitively. We define an OZQ-linear action of (1+JZ) on M ⊗LOZQ by
g · (m⊗ f) := exp(− log g ·N)(m⊗ f) =
∑
n≥1
Nn(m)⊗
1
n!
(− log g)nf
for local sections f ∈ OZQ , g ∈ 1 + J and m ∈ M , where we regard OZQ as a sheaf on Z.
We define a sheaf MZ on Z to be the quotient of N
s
Z × (M ⊗L OZQ) by the diagonal action of
1 + JZ . Then MZ is non-canonically isomorphic to M ⊗L OZQ , and in particular a coherent
free OZQ-module. Thus MZ can be regarded as a sheaf on ZQ, and varying Z define an object
M ∈ Isoc†(Y/W∅). This coincides with Ma in Definition 3.8.
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Indeed, for an object (Z,Z, i, h, θ) ∈ OC(Y/S), the section s ∈ N sZ induces a canonical iso-
morphism
M ⊗L OZQ
∼=
−→ (1 + JZ)\(N
s
Z × (M ⊗L OZQ)) = MZ(3.7)
m⊗ f 7→ [(s,m⊗ f)].
Moreover let Z(1) be the homeomorphic exactification of Z →֒ Z ×W∅ Z. Then for j = 1, 2 the
composition
M ⊗L OZ(1)Q = p
∗
j(M ⊗L OZQ)
∼=
−→ p∗jMZ
∼=
−→ MZ(1) = (1 + JZ(1))\(N
s
Z(1) × (M ⊗L OZ(1)Q)),
where the first isomorphism is induced by (3.7) and the second isomorphism is the canonical
one, is given by m⊗ f 7→ [(p∗j(s),m⊗ f)]. Since
[(p∗2(s),m⊗ f)] = [(p
∗
1(s), exp(log u˜(s) ·N)(m⊗ f))],
the log stratification of MZ coincides with that of Definition 3.8. Thus we see that M
a = M .
When we consider a Frobenius structure on M , it naturally induces a Frobenius structure
Φ: (σ∗M )Z = MZ
∼=
−→ MZ on M . Then we have M
a = (M ,Φ).
Next we see that a unipotent log overconvergent (F -)isocrystal admits a canonical filtration
whose graded pieces are constant.
Lemma 3.10. Let Y be a strictly semistable log scheme over k0 and let E ∈ Isoc†(Y/W∅)unip.
Then H0rig(Y/W
∅,E ) is non-zero. If Y is geometrically connected, the natural map
H0rig(Y/W
∅,E )⊗L OY/W∅ → E
is injective.
Proof. We prove by the induction on the rank of E . The assertions for E = OY/W∅ are clear.
In general, take an exact sequence 0 → F → E → OY/W∅ → 0, where F is unipotent. Since
H0rig(Y/W
∅,F )→ H0rig(Y/W
∅,E ) is injective, the first assertion follows from the hypothesis of
the induction. Moreover in a commutative diagram
0

0

H0rig(Y/W
∅,F ) ⊗L OY/W∅ //

F

H0rig(Y/W
∅,E )⊗L OY/W∅ //

E

H0rig(Y/W
∅,OY/W∅)⊗L OY/W∅ // OY/W∅

0,
the upper and bottom horizontal maps are injective by the hypothesis of the induction. Chasing
the diagram we see that the middle horizontal map is also injective. 
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The following is an analogue of [11, Proposition 2.3.5].
Proposition-Definition 3.11. Let Y be a geometrically connected strictly semistable log scheme
over k0. Then for any object E ∈ Isoc†(Y/W∅)unip there exists a unique increasing filtration
Fil• on E such that the natural maps
H0rig(Y/W
∅,E )⊗L OY/W∅ → Gr
Fil
0 E ,(3.8)
H0rig(Y/W
∅,E /FilnE )⊗L OY/W∅ → Gr
Fil
n+1E for n ≥ 0
are isomorphisms. We call this the natural filtration on E .
Proof. The uniqueness is clear. We prove the existence by the induction on the rank of E . Let
E ′ := H0rig(Y/W
∅,E ) ⊗K OY/W∅ . Then clearly E
′ has nilpotent residues, and by Lemma 3.10
E ′ is a non-zero subobject of E in Isoc†(Y/W∅)nr. By Proposition 3.6 E ′′ := E /E ′ is unipotent,
and its rank is smaller than E . Therefore E ′′ has the required filtration. For any n ≥ 0 we define
Filn+1E to be the pull-back of FilnE
′′ ⊂ E ′′ by the surjection E → E ′′. Since the induced map
E /Filn+1E → E
′′/FilnE
′′ is an isomorphism, we have isomorphisms
H0rig(Y/W
∅,E /Filn+1E )⊗L OY/W∅
∼=
−→ H0rig(Y/W
∅,E ′′/FilnE
′′)⊗L OY/W∅
∼=
−→ GrFiln E
′′ ∼=←− GrFiln+1E ,
which commute with the natural map H0rig(Y/W
∅,E /Filn+1E )⊗L OY/W∅ → Gr
Fil
n+1E . 
Proposition 3.12. Let Y be a geometrically connected strictly semistable log scheme over k0.
For any object (E ,Φ) ∈ F Isoc†(Y/W∅)unip, the natural filtration Fil• is stable under Φ, and
GrFiln (E ,Φ) is constant for any n.
Proof. Since Fil• is functorial, it is stable under Frobenius action. Moreover the isomorphisms
(3.8) are compatible with the Frobenius action. Thus GrFiln (E ,Φ) is constant. 
4. Hyodo–Kato cohomology with coefficients
In this section we will define the Hyodo–Kato cohomology with coefficients in log overconver-
gent (F -)isocrystals overW∅. In fact the construction in [18] for the trivial coefficient is naturally
generalized to nontrivial coefficients. The following is an enhancement of a construction due to
Kim and Hain [28, pp. 1259–1260].
Definition 4.1 ([18, Definition 3.5]). Let Z be a weak formal log scheme over S. We define the
Kim–Hain complex ω•Z/W∅,Q[u] to be the CDGA on ZQ generated by ω
•
Z/W∅,Q and degree zero
elements u[i] for i ≥ 0 with multiplication
(4.1) u[i] ∧ u[j] =
(i+ j)!
i!j!
u[i+j]
and relations
du[i+1] = −d log s · u[i] and u[0] = 1.(4.2)
For an object (E ,∇) ∈ MIC†(Z/W∅), we denote again by ∇ the composition
E
∇
−→ E ⊗ ω1Z/W∅,Q → E ⊗ ω
1
Z/W∅,Q[u]
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which defines a complex E ⊗ ω•Z/W∅,Q[u]. We define an OZQ-linear endomorphism N on E ⊗
ω•Z/W∅,Q[u] by
N(u[i]) := u[i−1].
When we consider a Frobenius structure, i.e. when (E ,∇,Φ) ∈ FMIC†((Z, φ)/(W∅, σ)), we
extend the φ-semilinear endomorphism ϕ on E ⊗ ω•Z/W∅,Q defined as in Definition 2.3 to E ⊗
ω•Z/W∅,Q[u] by
ϕ(u[i]) := piu[i].
The Kim–Hain complex is regarded as a double complex in the following way.
Lemma 4.2. Let (E ,∇) ∈ MIC†(Z/W∅). Let C•,•(Z, (E ,∇)) be a double complex of sheaves
on ZQ whose (i, j)-component is
Ci,j(Z, (E ,∇)) :=
{
E ⊗ ωi+jZ/W∅,Qu
[−j] if i+ j ≥ 0 and j ≤ 0,
0 otherwise,
with differential maps
∂i,j1 : C
i,j(Z, (E ,∇))→ Ci+1,j(Z, (E ,∇)); αu[−j] 7→ ∇(α)u[−j] (α ∈ E ⊗ ωi+j
Z/W∅,Q
),
∂i,j2 : C
i,j(Z, (E ,∇))→ Ci,j+1(Z, (E ,∇)); αu[−j] 7→ (−1)j+1α ∧ d log s · u[−j−1] (α ∈ E ⊗ ωi+jZ/W∅,Q).
Then we have an equality
E ⊗ ω•Z/W∅,Q[u] = Tot(C
•,•(Z, (E ,∇))).(4.3)
Here the total complex is taken by using direct sum (not direct product).
Proof. This follows directly from the definition. 
Note that the double complex C•,•(Z, (E ,∇)) lies in the fourth quadrant. Double complexes
in the fourth quadrant has different behavior to double complexes in the first quadrant, so one
has to pay attention. The following is deduced immediately from the acyclic assembly lemma
[44, Lem. 2.7.3].
Lemma 4.3. Let B•,• → C•,• be a map of double complexes which are bounded above for
the second differentials. If B•,j → C•,j is a quasi-isomorphism for any j, then Tot(B•,•) →
Tot(C•,•) is also a quasi-isomorphism.
Now we define the Hyodo–Kato cohomology and the absolute Hyodo–Kato cohomology with
coefficients. For an abelian category M, we denote its bounded derived category by Db(M).
Definition 4.4. Let Y be a fine log scheme of finite type over k0.
(1) Take a local embedding datum (Zλ,Zλ, iλ, hλ, θλ)λ∈Λ for Y over (k
0,S, τ), and let (Z•,Z•, i•, h•, θ•)
be the simplicial object of OC(Y/S) given as in §2.5 by
(Z ′m,Zm, im, hm, θm) :=
∐
(λ0,...,λm)∈Λm
(Zλ0 ,Zλ0 , iλ0 , hλ0 , θλ0)× · · · × (Zλm ,Zλm , iλm , hλm , θλm)
where the products are taken in OC(Y/S) (not in OC(Y/W∅)). Then (Z•,Z•, i•, h•, θ•)
can be regarded as a simplicial object of OC(Y/W∅). Hence for any object E ∈
Isoc†(Y/W∅) we may obtain a cosimplicial complex RΓ(Z•,Q,EZ• ⊗ ω
⋆
Z•/W∅,Q
[u]). We
define the Hyodo–Kato cohomology RΓHK(Y,E ) of Y with coefficients in E to be the
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complex associated to RΓ(Z•,Q,EZ• ⊗ ω
⋆
Z•/W∅,Q
[u]) equipped with the endomorphism
induced by N in Definition 4.1. Then RΓHK(Y,E ) is an object of D
b(ModL(N)).
(2) Let (E ,Φ) ∈ F Isoc†(Y/W∅). By taking Frobenius lifts φλ on the above Zλ, the en-
domorphisms ϕm on EZm ⊗ ω
•
Zm/W∅,Q
[u] defined in Definition 4.1 induce a σ-semilinear
endomorphism ϕ on RΓHK(Y,E ). Therefore we obtain an object D
b(ModL(ϕ,N)), which
we denote by RΓHK(Y, (E ,Φ)).
(3) For an object (E ,Φ) ∈ F Isoc†(Y/W∅), we define the absolute Hyodo–Kato cohomology
RΓabs(Y/W
∅, (E ,Φ)) of Y with coefficients in (E ,Φ) to be the mapping cone
(4.4) RΓabs(Y, (E ,Φ)) := Cone
(
RΓrig(Y/W
∅, (E ,Φ))
ϕ−1
−−→ RΓrig(Y/W
∅, (E ,Φ))
)
[−1].
For the trivial coefficient OY/W∅ , we denote
RΓHK(Y ) := RΓHK(Y,OY/W∅) and RΓabs(Y ) := RΓabs(Y,OY/W∅).
Remark 4.5. Let Y , E , (Zλ,Zλ, iλ, hλ, θλ)λ∈Λ, and (Z•,Z•, i•, h•, θ•) be as in Definition 4.4.
Note that the log rigid cohomology RΓrig(Y/W
∅,E ) is computed by using (Z•,Z•, i•, h•, θ•).
Indeed, let (Z ′•,Z
′
•, i
′
•, h
′
•, θ
′
•) be the simplicial object of OC(Y/W
∅) given by taking the products
in OC(Y/W∅) instead of OC(Y/S). The log rigid cohomology RΓrig(Y/W
∅, (E ,Φ)) is a priori
defined to be the complex associated to the cosimplicial complex RΓ(Z ′•,Q,EZ′• ⊗ ω
⋆
Z′•/W∅,Q
).
Then there exists a canonical morphism
RΓrig(Y/W
∅,E ) = RΓ(Z ′•,Q,EZ′• ⊗ ω
⋆
Z′•/W∅,Q
)→ RΓ(Z•,Q,EZ• ⊗ ω
⋆
Z•/W∅,Q
),
which is a quasi-isomorphism since RΓ(Z ′m,Q,EZ′m⊗ω
⋆
Z′m/W
∅,Q) and RΓ(Zm,Q,EZm⊗ω
⋆
Zm/W∅,Q
)
both compute RΓrig(Zm/W
∅,E ) for each m ∈ N.
From Lemma 4.2 and Remark 4.5, we see that for any E ∈ Isoc†(Y/W∅) we may identify
RΓHK(Y,E ) as the sum-total complex of a double complex in the fourth quadrant
(4.5)
· · ·
∧d log s
−−−−→ RΓrig(Y/W
∅,E )[−2]
−∧d log s
−−−−−→ RΓrig(Y/W
∅,E )[−1]
∧d log s
−−−−→ RΓrig(Y/W
∅,E ),
where we regard RΓrig(Y/W
∅)[−j] as the (−j)-th row and ∧(−1)j+1d log s as the second differ-
entials.
Proposition 4.6. Let Y be a fine log scheme of finite type over k0. For any E ∈ Isoc†(Y/W∅),
the cohomology RΓHK(Y,E ) is independent of the choice of a local embedding datum up to canoni-
cal quasi-isomorphisms. For any (E ,Φ) ∈ F Isoc†(Y/W∅), the cohomology RΓHK(Y, (E ,Φ)) and
RΓabs(Y, (E ,Φ)) are independent of the choice of a local embedding F -datum up to canonical
quasi-isomorphisms.
Proof. Since RΓHK(Y,E ) is regarded as a double complex as in (4.5), the independence of
RΓHK(Y,E ) follows from that of log rigid cohomology RΓrig(Y/W
∅,E ) (Proposition 2.33) and
Lemma 4.3. The independence ofRΓabs(Y, (E ,Φ)) also follows from that of RΓrig(Y/W
∅, (E ,Φ)).

The following relations between Hyodo–Kato cohomology and log rigid cohomology over W∅
are deduced immediately from the definition.
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Proposition 4.7. Let Y be a fine log scheme of finite type over k0 and E ∈ Isoc†(Y/W∅). Then
there exists a canonical quasi-isomorphism
(4.6) RΓrig(Y/W
∅,E )
∼=
−→ Cone
(
RΓHK(Y,E )
N
−→ RΓHK(Y,E )
)
[−1].
If we consider a Frobenius structure Φ on E , then (4.6) is compatible with Frobenius operators,
and we have a canonical quasi-isomrophism
(4.7) RΓabs(Y, (E ,Φ))
∼=
−→ holim

RΓHK(Y, (E ,Φ)) RΓHK(Y, (E ,Φ))
RΓHK(Y, (E ,Φ)) RΓHK(Y, (E ,Φ))
ϕ−1 //
N

N
pϕ−1 //
 .
Proof. For any object (Z,Z, i, h, θ) ∈ OC(Y/S), the sequence
0→ EZ ⊗ ω
•
Z/W∅,Q → EZ ⊗ ω
•
Z/W∅,Q[u]
N
−→ EZ ⊗ ω
•
Z/W∅,Q[u]→ 0
is exact. Therefore by Remark 4.5 we obtain (4.6), and this implies (4.7). 
For a morphism f : Y ′ → Y of fine log schemes over k0 and an object (E ,Φ) ∈ F Isoc†(Y/W∅),
the pull-back of log rigid cohomology induces
(4.8) f∗ : RΓabs(Y, (E ,Φ))→ RΓabs(Y
′, f∗(E ,Φ)).
In addition for E ∈ Isoc†(Y/W∅) (resp. (E ,Φ) ∈ F Isoc†(Y/W∅)) we may define a morphism
f∗ : RΓHK(Y,E )→ RΓHK(Y
′, f∗E )
(
resp. f∗ : RΓHK(Y, (E ,Φ))→ RΓHK(Y
′, f∗(E ,Φ))
)
(4.9)
by a similar construction as (2.32).
Let Y be a fine log scheme of finite type over k0. For (E ,Φ) ∈ F Isoc†(Y/W∅), by abusing
notation, we again denote by (E ,Φ) the objects of F Isoc†(Y/S) and F Isoc†(Y/W 0) defined as
the pull-back of (E ,Φ) by the commutative diagram
k0
τ0 // W 0

Y //
>>⑦⑦⑦⑦⑦⑦⑦⑦
  ❅
❅❅
❅❅
❅❅
❅ k
0 τ //

S

k∅
ι // W∅.
For any object (Z,Z, i, h, θ) ∈ OC(Y/W∅), natural morphisms EZ ⊗ ω
•
Z/W∅,Q → EZ ⊗ ω
•
Z/S,Q
extend to EZ ⊗ ω
•
Z/W∅,Q[u] → EZ ⊗ ω
•
Z/S,Q by u
[i] 7→ 0 for i > 0. Thus we obtain a canonical
morphism
RΓHK(Y, (E ,Φ))→ RΓrig(Y/S, (E ,Φ)),
38 KAZUKI YAMADA
which makes the following diagram commutative
(4.10) RΓHK(Y, (E ,Φ))
**❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚

RΓrig(Y/W
∅, (E ,Φ))
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
**❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯
RΓrig(Y/S, (E ,Φ))
tt❥❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥
RΓrig(Y/W
0, (E ,Φ)) .
There also exists a diagram of the same form for any E ∈ Isoc†(Y/W∅) (without Frobenius
structure).
Assume that Y is geometrically connected and strictly semistable and E is unipotent. We
note that an object (E ,Φ) ∈ F Isoc†(Y/W∅)unip is not an iterated extension of OY/W∅ in
F Isoc†(Y/W∅)unip, in general. However Proposition 3.12 asserts that (E ,Φ) is an iterated
extension of constant objects. Since cohomology with constant coefficients is written as the
tensor product HnHK(Y,M
a) = HnHK(Y ) ⊗M , some properties for (E ,Φ) are implied from that
for OY/W∅ . Precisely, putting
Mi := H
0
rig(Y/W
∅, (E ,Φ)/Fili−1(E ,Φ))
for i ≥ 0, we have GrFili (E ,Φ) =M
a
i . Therefore Fil• induces spectral sequences
E−i,i+n1 =Mi ⊗H
n
HK(Y )⇒ H
n
HK(Y, (E ,Φ)),(4.11)
E−i,i+n1 =Mi ⊗H
n
rig(Y/T )⇒ H
n
rig(Y/T , (E ,Φ)) for T =W
∅,W 0,S,
which are compatible with each other via the morphisms in the diagram (4.10). Of course we may
consider similar spectral sequences for any E ∈ Isoc†(Y/W∅)unip (without Frobenius structure).
Theorem 4.8. Let Y be a strictly semistable log scheme of finite type over k0.
(1) For any E ∈ Isoc†(Y/W∅)unip, the cohomology groups HnHK(Y,E ), H
n
rig(Y/W
∅,E ), Hnrig(Y/W
0,E ),
and Hnabs(Y,E ) are finite dimensional L-vector spaces. Moreover H
n
HK(Y,E ) is an object
of ModfinL (N), i.e. the monodromy operator is nilpotent.
(2) For any (E ,Φ) ∈ F Isoc†(Y/W∅)unip, the Frobenius operators on HnHK(Y, (E ,Φ)), H
n
rig(Y/W
∅, (E ,Φ)),
and Hnrig(Y/W
0, (E ,Φ)) are bijective. In particular, HnHK(Y, (E ,Φ)) is an object of
ModfinL (ϕ,N).
(3) For any E ∈ Isoc†(Y/W∅)unip, the morphism
(4.12) RΓHK(Y,E )→ RΓrig(Y/W
0,E )
defined by u[i] 7→ 0 for i > 0 is a quasi-isomorphism. When we consider a Frobenius
structure Φ on E , this is compatible with the Frobenius operators.
Proof. Due to Proposition 2.34, we may assume that Y is geometrically connected, by taking
base change and a connected component. Using the spectral sequence (4.11), the assertions for
the finiteness, the bijectivity of Frobenius operators, and the quasi-isomorphism (4.12) follow
from the results in [21, Theorem 5.3] and [18, Corollary 3.19 and Lemma 3.22]. (Note that
the statements for Hnrig(Y/W
∅, (E ,Φ)) and Hnabs(Y, (E ,Φ)) immediately follow from that for
HnHK(Y, (E ,Φ)) by (4.6) and (4.7).)
HYODO–KATO THEORY WITH SYNTOMIC COEFFICIENTS 39
For any (Z,Z, i, h, θ) ∈ OC(Y/S), every section of EZ ⊗ ω
•
Z/W∅,Q[u] vanishes by N
m for some
m ≥ 0. Thus the finiteness of HnHK(Y,E ) implies the nilpotence of the monodromy operator.
Hence HnHK(Y,E ) belongs to Mod
fin
L (N). 
Next we see that the extension groups of log overconvergent (F -)isocrystals can be computed
as cohomology groups.
Proposition 4.9. Let Y be a strictly semistable log scheme of finite type over k0.
(1) For any E ,E ′ ∈ Isoc†(Y/W∅), we have canonical isomorphisms
HomIsoc†(Y/W∅)unip(E
′,E )
∼=
−→ HomIsoc†(Y/W∅)nr(E
′,E )
∼=
−→ H0rig(Y/W
∅,Hom(E ′,E )),
Ext1
Isoc†(Y/W∅)unip
(E ′,E )
∼=
−→ Ext1
Isoc†(Y/W∅)nr
(E ′,E )
∼=
−→ H1rig(Y/W
∅,Hom(E ′,E )).(4.13)
(2) For any (E ,Φ), (E ′,Φ′) ∈ F Isoc†(Y/W∅), we have canonical isomorphisms
HomF Isoc†(Y/W∅)unip((E
′,Φ′), (E ,Φ))
∼=
−→ HomF Isoc†(Y/W∅)((E
′,Φ′), (E ,Φ))
∼=
−→ H0abs(Y,Hom((E
′,Φ′), (E ,Φ))),
Ext1
F Isoc†(Y/W∅)unip
((E ′,Φ′), (E ,Φ))
∼=
−→ Ext1
F Isoc†(Y/W∅)
((E ′,Φ′), (E ,Φ))(4.14)
∼=
−→ H1abs(Y,Hom((E
′,Φ′), (E ,Φ))).
Proof. We only prove (4.14), and the other isomorphisms can be proved more easily by the same
way. The first isomorphism is given by Proposition 3.6. To prove the second isomorphism,
we may assume that Y is connected. Consider an element of Ext1
F Isoc†(Y/W∅)
((E ′,Φ′), (E ,Φ))
represented by an extension
(4.15) 0→ (E ,Φ)→ (F ,Ψ)→ (E ′,Φ′)→ 0.
We may take a local embedding F -datum (Zλ,Zλ, iλ, hλ, θλ, φλ)λ∈Λ for Y over W
∅, such that
Zλ and Zλ are affine. Let (Z•,Z•, i•, h•, θ•) and φ• be as in the paragraph before Definition
2.30. Then RΓabs(Y,Hom((E
′,Φ′), (E ,Φ))) is given by the total complex of the triple complex
(4.16) Γ(Z•,Q,Hom(E
′
Z• ,EZ•)⊗ ω
⋆
Z•/W∅,Q
)
ϕ−1
−−→ Γ(Z•,Q,Hom(E
′
Z• ,EZ•)⊗ ω
⋆
Z•/W∅,Q
),
where we regard the log connection, ϕ − 1, and the increasing of the simplicial degree as the
first, the second, and the third differentials respectively.
For each λ, there exists an isomorphism ρλ : EZλ ⊕ E
′
Zλ
∼= FZλ . Then the log connection and
the Frobenius structure on FZλ are expressed through ρλ by matrices
∇′′Zλ :=
(
∇Zλ αλ
0 ∇′Zλ
)
and Φ′′Zλ :=
(
ΦZλ βλ
0 Φ′Zλ
)
respectively, where
αλ ∈ Hom(E
′
Zλ
,EZλ ⊗ ω
1
Zλ/W∅,Q
) = Γ(Zλ,Q,Hom(E
′
Zλ
,EZλ)⊗ ω
1
Zλ/W∅,Q
),
βλ ∈ Hom(φ
∗
λE
′
Zλ
,EZλ).
Let
β′λ := βλ ◦Φ
′−1
Zλ
∈ Hom(E ′Zλ ,EZλ) = Γ(Zλ,Q,Hom(E
′
Zλ
,EZλ)).
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We denote the log connection and the φλ-semilinear Frobenius action on Hom(E
′
Zλ
,EZλ) by ∇˜Zλ
and ϕ˜Zλ respectively. Then the integrability of ∇
′′
Zλ
and the compatibility of ∇′′Zλ and Φ
′′
Zλ
respectively imply
∇˜Zλ(αλ) = 0 and (ϕ˜Zλ − 1)(αλ) = ∇˜Zλ(βλ).(4.17)
Furthermore, for any (λ0, λ1) ∈ Λ
2, the composition
ηλ0,λ1 := pr
∗
0(ρ
−1
λ0
) ◦ pr∗1(ρλ1) : EZλ0,λ1 ⊕ E
′
Zλ0,λ1
→ EZλ0,λ1 ⊕ E
′
Zλ0,λ1
is expressed by a matrix(
id γλ0,λ1
0 id
)
with γλ0,λ1 ∈ Hom(E
′
Zλ0,λ1
,EZλ0,λ1 ) = Γ(Zλ0,λ1,Q,Hom(E
′
Zλ0,λ1
,EZλ0,λ1 )).
The compatibility of pr∗0∇
′′
Zλ0
and pr∗1∇
′′
Zλ1
and that of pr∗0Φ
′′
Zλ0
and pr∗1Φ
′′
Zλ1
respectively imply
∇˜Zλ0,λ1 (γλ0,λ1) = pr
∗
1αλ1 − pr
∗
0αλ0 and (ϕ˜λ0,λ1 − 1)(γλ0,λ1) = pr
∗
1β
′
λ1 − pr
∗
0β
′
λ0 .(4.18)
For any (λ0, λ1, λ2) ∈ Λ
3 we have
pr∗0,2ηλ0,λ2 = pr
∗
1,2ηλ1,λ2 ◦ pr
∗
0,1ηλ0,λ1 : EZλ0,λ1,λ2 ⊕ E
′
Zλ0,λ1,λ2
→ EZλ0,λ1,λ2 ⊕ E
′
Zλ0,λ1,λ2
,
and this implies
(4.19) pr∗1,2γλ1,λ2 − pr
∗
0,2γλ0,λ2 + pr
∗
0,1γλ0,λ1 = 0.
The equations (4.17), (4.18), and (4.19) show that the family of αλ, β
′
λ, and γλ0,λ1 define a
1-cocycle of the total complex of (4.16) and hence an element of H1abs(Y,Hom((E
′,Φ′), (E ,Φ))).
Thus we may define the homomorphism (4.14) by associating this element to the extension class
of (4.15). By construction one can see that this homomorphism is bijective. 
According to Proposition 4.9 and the philosophy of six operations, the following proposition
would be thought as the adjunction between the inverse image and the direct image.
Proposition 4.10. Let Y be a strictly semistable log scheme of finite type over k0.
(1) Let E ∈ Isoc†(Y/W∅)unip. There exists a quasi-isomorphism
(4.20) RHomMod(N)(L,RΓHK(Y,E )) ∼= RΓrig(Y/W
∅,E )
and a spectral sequence
(4.21) Ei,j2 = Ext
i
ModfinL (N)
(L,HjHK(Y,E ))⇒ H
i+j
rig (Y/W
∅,E ).
(2) Let (E ,Φ) ∈ F Isoc†(Y/W∅)unip. There exists a quasi-isomorphism
(4.22) RHomMod(ϕ,N)(L,RΓHK(Y, (E ,Φ))) ∼= RΓabs(Y, (E ,Φ))
and a spectral sequence
(4.23) Ei,j2 = Ext
i
ModfinL (ϕ,N)
(L,HjHK(Y, (E ,Φ)))⇒ H
i+j
abs (Y, (E ,Φ)).
Proof. In the proof of [15, Lemma 2.5], it has proved that RHom in Db(ModL(ϕ,N)) can be
computed by a homotopy limit like the right hand side of (4.7). Thus we have (4.22), and this
implies (4.23). One can see (4.20) and (4.21) in a similar way. 
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Remark 4.11. In fact RHom in Db(ModfinL (ϕ,N)) is also computed by the same homotopy
limit as RHom in Db(ModL(ϕ,N)). This implies that the full subcategory of D
b(ModL(ϕ,N))
consisting of objects whose cohomology groups lie in ModfinL (ϕ,N) is canonically equivalent to
Db(ModfinL (ϕ,N)). Thus RΓHK(Y, (E ,Φ)) for (E ,Φ) ∈ F Isoc
†(Y/W∅)unip is regarded as an
object of Db(ModfinL (ϕ,N)). Similarly, RΓHK(Y,E ) for E ∈ Isoc
†(Y/W∅)unip is regarded as an
object of Db(ModfinL (N)).
Corollary 4.12. Let Y be a strictly semistable log scheme of finite type over k0, D the horizontal
divisor of Y , and U := Y \D ⊂ Y . Then the canonical functors
Isoc†(Y/W∅)unip → Isoc†(U/W∅)unip,(4.24)
F Isoc†(Y/W∅)unip → F Isoc†(U/W∅)unip
are equivalences of categories.
Proof. We prove the statement for log overconvergent F -isocrystals, and another follows in the
same way. We first note that the homomorphism HnHK(Y ) → H
n
HK(U) is an isomorphism for
any n ≥ 0 by [18, Lemma 3.15]. Hence by using the spectral sequence (4.11) we see that
HnHK(Y,Hom((E
′,Φ′), (E ,Φ)))→ HnHK(U,Hom((E
′,Φ′), (E ,Φ)))
is also an isomorphism for any (E ,Φ), (E ′,Φ′) ∈ F Isoc†(Y/W∅)unip. Furthermore by Proposition
4.10 the homomorphism
(4.25) Hnabs(Y,Hom((E
′,Φ′), (E ,Φ)))→ Hnabs(U,Hom((E
′,Φ′), (E ,Φ)))
is an isomorphism. In the case n = 0, this shows that (4.24) is fully faithful by Proposition 4.9.
Next we show that any object (E ,Φ) ∈ F Isoc†(U/W∅)unip uniquely extends to an object of
F Isoc†(Y/W∅)unip by the induction on the rank of E . The case of rank one is clear, since E is
constant. In general, by Proposition 3.12 there exists a short exact sequence
0→ (F ,Ψ)→ (E ,Φ)→ (F ′,Ψ′)→ 0,
where (F ,Ψ) is unipotent and (F ′,Ψ′) is non-zero and constant. Then (F ′,Ψ′) and by the
induction hypothesis (F ,Ψ) uniquely extend to object of F Isoc†(Y/W∅)unip, which we denote
again by (F ′,Ψ′) and (F ,Ψ), respectively. It suffices to prove that the canonical map
Ext1
F Isoc†(Y/W∅)
((F ′,Ψ′), (F ,Ψ)) → Ext1
F Isoc†(U/W∅)
((F ′,Ψ′), (F ,Ψ))
is an isomorphism. This holds again by Proposition 4.9 and the isomorphism (4.25) above. 
We note that the log connections associated to pseudo-constant log overconvergent (F -)isocrystals
are nontrivial in general. However we may prove that the cohomology with pseudo-constant co-
efficients is written as a tensor product as well as that with constant coefficients.
Proposition 4.13. Let Y be a stritly semistable log scheme of finite type over k0. For any
M ∈ ModfinL (ϕ,N) and n ≥ 0, we have a canonical isomorphism in Mod
fin
L (ϕ,N)
HnHK(Y,M
a) ∼=M ⊗HnHK(Y ).
Proof. We first note that there exist canonical isomorphisms
(4.26) HnHK(Y,M
a)
∼=
−→ Hnrig(Y/W
0,Ma) =M ⊗Hnrig(Y/W
0)
∼=
←−M ⊗HnHK(Y ),
which are compatible with the Frobenius operators. Here the first and the third isomorphisms
are given by Theorem 4.8, and the second equality follows from the fact that the restriction
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of Ma to F Isoc†(Y/W 0) is constant. Thus it remains to prove the composition of (4.26) is
compatible with the monodromy operators. We consider an element of M⊗HnHK(Y ) of the form
m⊗α with m ∈M and α ∈ HnHK(Y ) . Let (Z•,Z•, i•, h•, θ•) be a simplicial object of OC(Y/S)
with Frobenius lifts φ• as in Definition 4.4. We may suppose that each Zm and Zm are affine.
Then RΓHK(Y ) is computed as the total complex of the double complex
Γ(Z0,Q, ω
•
Z0/W∅,Q
[u])
∂0
−→ Γ(Z1,Q, ω
•
Z1/W∅,Q
[u])
∂1
−→ Γ(Z2,Q, ω
•
Z2/W∅,Q
[u])
∂2
−→ · · · .
As the total complex we consider the anti-commutative double complex given by multiplying
∂r : Γ(Zr,Q, ω
m
Zr/W∅,Q
[u]) → Γ(Zr+1,Q, ω
m
Zr+1/W∅,Q
[u]) by (−1)m. Then the cohomology class α
is represented by a family
(αq,ru
[q])q,r ∈
⊕
q,r≥0
Γ(Zr, ω
n−r
Zr/W∅,Q
u[q])
such that
d(αq,r+1)− d log s ∧ αq+1,r+1 + (−1)
n−r∂r(αq,r) = 0.
Now we consider an element
(βq,ru
[q])q,r ∈
⊕
q,r≥0
Γ(Zr,Q,M ⊗ ω
n−r
Zm/W∅,Q
u[q])
with
βq,r :=
q∑
ℓ=0
(
q
ℓ
)
N ℓ(m)⊗ αq−ℓ,r.
Then we have
∇(βq,ru
[q]) =
q∑
ℓ=0
(
q
ℓ
)
N ℓ(m)⊗ d(αq−ℓ,r)u
[q] +
q∑
ℓ=0
(
q
ℓ
)
N ℓ+1(m)⊗ d log s ∧ αq−ℓ,ru
[q]
−
q∑
ℓ=0
(
q
ℓ
)
N ℓ(m)⊗ d log s ∧ αq−ℓ,ru
[q−1],
(−1)n−r∂r(βq,ru
[q]) =
q∑
ℓ=0
(
q
ℓ
)
N ℓ(m)⊗ (−1)n−r∂r(αq−ℓ,r)u
[q]
=
q∑
ℓ=0
(
q
ℓ
)
N ℓ(m)⊗ (d log s ∧ αq−ℓ+1,r+1 − d(αq−ℓ,r+1)) u
[q].
Therefore the (q, r)-entry of the total differential of (βq,ru
[q])q,r is computed as
q∑
ℓ=0
(
q
ℓ
)
N ℓ(m)⊗ d(αq−ℓ,r)u
[q] +
q∑
ℓ=0
(
q
ℓ
)
N ℓ+1(m)⊗ d log s ∧ αq−ℓ,ru
[q]
−
q+1∑
ℓ=0
(
q + 1
ℓ
)
N ℓ(m)⊗ d log s ∧ αq−ℓ+1,ru
[q] +
q∑
ℓ=0
(
q
ℓ
)
N ℓ(m)⊗ (d log s ∧ αq−ℓ+1,r − d(αq−ℓ,r)) u
[q]
=
q∑
ℓ=1
((
q
ℓ− 1
)
−
(
q + 1
ℓ
)
+
(
q
ℓ
))
N ℓ(m)⊗ d log s ∧ αq−ℓ+1.ru
[q]
= 0.
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Thus (βq,ru
[q])q,r is a cocycle and define a cohomology class β = [(βq,ru
[q])q,r] ∈ H
n
HK(Y,M
a).
Then m ⊗ α ∈ M ⊗ HnHK(Y ) and β ∈ H
n
HK(Y,M
a) both maps to the same element of
Hnrig(Y/W
0,Ma) represented by
(m⊗ α0,r)r ∈
⊕
r≥0
Γ(Yr,Q,M ⊗ ω
n−r
Yr/W 0,Q
),
where Yr := Zr ×S W
0 and α0,r is the image of α0,r by the natural map ω
n−r
Zr/W∅,Q
→ ωn−r
Yr/W 0,Q
.
Hence m⊗ α and β corresponds each other by the isomorphisms (4.26).
Now the monodromy action is computed as N(β) = [(βq+1,ru
[q])q,r], and this maps to
[(β1,r)r] = [(m⊗ α1,r +N(m)⊗ α0,r)r] ∈ H
n
rig(Y/W
0,Ma).
Since N(α) = [(αq+1,ru
[q])q,r] ∈ H
n
HK(Y ) maps to [(α1,r)r] ∈ H
n(Y/W 0), we see that N(β)
corresponds to
m⊗N(α) +N(m)⊗ α ∈M ⊗HnHK(Y )
via (4.26). This coincides with the monodromy operator of the tensor object in ModfinL (ϕ,N). 
Proposition 4.14. The functor
(·)a : ModfinL (N)→ Isoc
†(k0/W∅)unip (resp. (·)a : ModfinL (ϕ,N)→ F Isoc
†(k0/W∅)unip)
is an equivalence of categories with a quasi-inverse H0HK(k
0, ·).
Proof. We prove the statement for unipotent log overconvergent F -isocrystals. We haveH0HK(k
0,Ma) =
M by Proposition 4.13, hence (·)a is fully faithful. We will show that any object (E ,Φ) ∈
F Isoc†(k0/W∅)unip lies in the essential image of (·)a by the induction on the rank of E . The
case of rank one is clear since (E ,Φ) must be constant. If the rank is positive, then there exists
a short exact sequence
0→ (F ,Ψ)→ (E ,Φ)→ (F ′,Ψ′)→ 0,
where (F ,Ψ) is unipotent and (F ′,Ψ′) is non-zero constant. Then by the induction hypothesis
we have (F ,Ψ) = Ma and (F ′,Ψ′) = M ′a for some M,M ′ ∈ ModfinL (ϕ,N). It suffices to show
that the map
(4.27) Ext1
ModfinL (ϕ,N)
(M ′,M)→ Ext1
F Isoc†(k0/W∅)
(M ′a,Ma)
induced by (·)a is surjective. Since we have H1HK(k
0) = 0 by direct computation, we have
H1HK(k
0,Hom(M ′,M)a) = H1HK(k
0)⊗Hom(M ′,M) = 0
by Proposition 4.13. Therefore by Proposition 4.10, Proposition 4.9, and again Proposition 4.13,
we obtain
Ext1
F Isoc†(k0/W∅)
(M ′a,Ma) ∼= H1abs(k
0,Hom(M ′a,Ma)) = H1abs(k
0,Hom(M ′,M)a)
∼= Ext1ModfinL (ϕ,N)
(L,H0HK(k
0,Hom(M ′,M)a))
= Ext1
ModfinL (ϕ,N)
(L,Hom(M ′,M))
∼= Ext1ModfinL (ϕ,N)
(M ′,M).
Thus the map (4.27) is an isomorphism as desired. 
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5. Tannakian fundamental group
In this section, we will introduce the tannakian fundamental group of unipotent log overcon-
vergent (F -)isocrystals, and see its rigidity property.
For a strictly semistable log scheme Y over k0, let Y sm be the smooth locus of the underlying
scheme of Y \D over k, where D is the horizontal divisor of Y (see Definition 3.1). Let
P (Y ) :=
∐
k′/k
Y sm(k′)
where k′ runs through all finite extensions of k. For y = Specky → Y
sm in P (Y ) we denote
by Wy the ring of Witt vectors of ky and Ly the fraction field of Wy. We endow y with
the pull-back log structure of Y . Then y is isomorphic to k0y := k
0 ×k∅ k
∅
y . For an object
E ∈ Isoc†(Y/W∅)unip (resp. (E ,Φ) ∈ F Isoc†(Y/W∅)unip), we denote by Ey ∈ Isoc
†(y/W∅y )
unip
(resp. (E ,Φ)y = (Ey,Φy) ∈ F Isoc
†(y/W∅y )
unip) the pull-back by the commutative diagram
y //

k∅y //

W∅y

Y // k∅ // W∅.
We denote by
(5.1) ηy : Isoc
†(Y/W∅)unip → Isoc†(y/W∅y )
unip ∼=−→ ModfinLy(N)→ Mod
fin
Ly .
the composition of the pull-back, H0HK(y,−), and the forgetful functor. Note that H
0
HK(y,−) is
an equivalence of categories by Proposition 4.14. We also denote by
(5.2) ηy : F Isoc
†(Y/W∅)unip → ModfinLy(ϕ)
the functor given in a similar way to (5.1).
Proposition 5.1. Let Y be a geometrically connected strictly semistable log scheme over k0 and
y ∈ P (Y ). Then the functors (5.1) and (5.2) are faithful exact tensor functors.
In particular, the category Isoc†(Y/W∅)unip (resp. F Isoc†(Y/W∅)unip) is a tannakian category
over L (resp. Qp) with a fiber functor ηy. If y ∈ Y
sm(k), then it is a neutral tannakian category
over L (resp. Qp).
Proof. The exactness and the compatibility with the tensor structures are clear from definition of
functors. Let E ,E ′ ∈ Isoc†(Y/W∅)unip and F := Hom(E ′,E ). If we put M := H0rig(Y/W
∅,F ),
then we have Fil0F =M
a. By Proposition 4.9 we have a commutative diagram
HomIsoc†(Y/W∅)unip(E
′,E )
∼= //

H0rig(Y/W
∅,F )

H0rig(Y/W
∅,Fil0F )
∼=oo

M

HomIsoc†(y/W∅y )unip(E
′
y,Ey)
∼= // H0rig(y/W
∅
y ,Fy) H
0
rig(y/W
∅
y , (Fil0F )y)oo M ⊗L Ly
The middle horizontal map in the bottom is injective by Proposition 4.14, hence the left vertical
map is also injective. This implies that ηy is faithful.
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Since we have
EndIsoc†(Y/W∅)(OY/W∅)
∼= H0rig(Y/W
∅) = L,
EndF Isoc†(Y/W∅)(OY/W∅)
∼= H0abs(Y/W
∅) = Qp,
we see that Isoc†(Y/W∅)unip (resp. F Isoc†(Y/W∅)unip) is a tannakian category over L (resp.
Qp). 
As a corollary, we obtain the rigidity of Frobenius structures.
Corollary 5.2. Let Y be a geometrically connected strictly semistable log scheme over k0 and
E ∈ Isoc†(Y/W∅)unip. Let Φ and Φ′ be Frobenius structures on E . If there exists y ∈ P (Y ) such
that Φy = Φ
′
y, then we have Φ = Φ
′.
Proof. Since Φ′ ◦ Φ−1 is a morphism in Isoc†(Y/W∅)unip and ηy(Φ
′ ◦ Φ−1) = id, the assertion
follows from Proposition 5.1 . 
Definition 5.3. Let Y be a connected strictly semistable log scheme over k0 and assume that
there exists a k-rational point y ∈ Y sm(k). We denote by πunip1 (Y/W
∅, y) the tannakian fun-
damental group of the neutral tannakian category Isoc†(Y/W∅)unip with respect to the fiber
functor ηy. This is an affine group scheme over L.
We first see the Frobenius σ on W∅ induces an automorphism on πunip(Y/W∅, y).
Lemma 5.4. Let Y be a strictly semistable log scheme over k0 and E ∈ Isoc†(Y/W∅)unip. Then
the natural maps
HnHK(Y,E )→ H
n
HK(Y, σ
∗
E ) and Hnrig(Y/W
∅,E )→ Hnrig(Y/W
∅, σ∗E )
are isomorphisms for any n.
Proof. By using the induction on the rank of E , it suffices to show the assertion for E = OY/W∅ .
In this case, the required bijectivity follows from Theorem 4.8. 
Lemma 5.5. Let Y be a strictly semistable log scheme over k0. The functor
(5.3) σ∗ : Isoc†(Y/W∅)unip → Isoc†(Y/W∅)unip
induced by (2.21) is an equivalence of categories. Moreover for any y ∈ Y sm(k) there exists a
commutative diagram
(5.4) Isoc†(Y/W∅)unip
σ∗ //
ηy

Isoc†(Y/W∅)unip
ηy

ModfinL
σ∗ // ModfinL ,
where the lower horizontal arrow is defined by M 7→M ⊗L,σ L.
Proof. By Lemma 5.4, the assertion follows in the same way as the proof of Corollary 4.12. The
commutativity of the diagram follows from construction. 
Proposition 5.6. Let Y be a connected strictly semistable log scheme over k0 and assume that
there exists a k-rational point y ∈ Y sm(k). Then the diagram (5.4) induces an automorphism
(5.5) σ∗ : π
unip
1 (Y, y)→ π
unip
1 (Y, y)
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as a scheme, which makes the following diagram commutative:
(5.6) πunip1 (Y, y)
σ∗ //

πunip1 (Y, y)

SpecL
σ // SpecL.
In addition, this induces a σ−1-semilinear automorphism
(5.7) σ∗ : Lie π
unip
1 (Y, y)→ Lieπ
unip
1 (Y, y).
Proof. The morphism (5.5) is given by the functoriality of tannakian fundamental groups. Let
π′1 := SpecL×σ,SpecL π
unip
1 (Y, y)
and regard it as a scheme over L by the first projection. Then the diagram (5.6) induces an
isomorphism f : πunip1 (Y, y)→ π
′
1 over L and hence an L-linear isomorphism
f : Lieπunip1 (Y, y)→ Lie π
′
1.
Since the base change by σ induces an isomorphism πunip1 (Y, y)(R) → π
′
1(R ⊗L,σ L) for any
L-algebra R, we have a σ-semilinear isomorphsim
g : Lieπunip1 (Y, y)→ Lie π
′
1.
Therefore σ∗ := g
−1 ◦ f is a σ−1-semilinear automorphism. 
The following construction based on [45, Part I, §1] and [9, §2.2] is used to state the rigidity
of log overconvergent (F -)isocrystals. For an associative L-algebra A which is not necesarily
commutative, the product [a, b] := ab− ba makes A a Lie algebra, which we denote by [A]. For
any finite dimensional Lie algebra g over L, let U(g) be the universal enveloping algebra. Namely
U(g) is an associative L-algebra equipped with a Lie algebra homomorphism g → [U(g)], such
that for any associative L-algebra A the natural map Hom(U(g), A) → Hom(g, [A]) is bijective.
Then the zero map g → [L] induces an L-algebra homomorphism U(g) → L, which we call
the argumentation. We call its kernel the argumentation ideal of U(g). We denote by Û(g) the
completion of U(g) with respect to the argumentation ideal.
For a pro-unipotent algebraic group G = lim←−n∈N Gn, let
(5.8) Û(LieG) := lim
←−
n∈N
Û(LieGn).
We define the argumentation ideal a ⊂ Û(LieG) to be a := lim
←−n∈N
ân, where ân is the ideal of
Û(LieGn) generated by the argumentation ideal of U(LieGn). The argumentations of U(LieGn)
extend to Û(LieGn) and induce the argumentation Û(LieG)→ L.
Let Y be a connected strictly semistable log scheme over k0 and assume that there exists a k-
rational point y ∈ Y sm(k). Since Isoc†(Y/W∅)unip is a nilpotent tannakian category, πunip1 (Y, y)
is a pro-unipotent algebraic group over L. Since a/a2 ∼= Lieπ
unip
1 (Y, y)
ab, we have natural
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isomorphisms
H1rig(Y/W
∅) ∼= Ext1Isoc†(Y/W∅)unip(OY/W∅ ,OY/W∅)
∼= Ext1
RepL(π
unip
1 (Y,y))
(L,L)
∼= Hom(π
unip
1 (Y, y),Ga)
∼= Hom(π
unip
1 (Y, y)
ab,Ga) ∼=
(∗)
Hom(Lie πunip1 (Y, y)
ab, [L]),(5.9)
∼= (a/a2)∨
where ∨ denotes the dual space, and (∗) is an isomorphism since πunip1 (Y, y)
ab is pro-unipotent.
Proposition 5.7. Let Y be a connected strictly semistable log scheme over k0 and assume that
there exists a k-rational point y ∈ Y sm(k). The ring Û(Lie πunip1 (Y, y)) is a-adically complete.
Moreover the a-adic topology coincides with the project limit topology.
Proof. By the isomorphisms (5.9) and Theorem 4.8, the L-vector space a/a2 has finite dimension.
This implies the assertion by the same proof as [9, Lemma 2.4]. 
The automorphism σ∗ in (5.7) induces a σ
−1-semilinear automorphism on Û(Lie πunip1 (Y, y)),
which we denote again by σ∗.
Definition 5.8. Let Y be a connected strictly semistable log scheme over k0 and assume that
there exists a k-rational point y ∈ Y sm(k).
(1) Let ModfinL (Û(Lie π
unip
1 (Y, y))) be the category of finite dimensional L-vector spaces equipped
with left Û(Lie πunip1 (Y, y))-module structure such that the action of Û(Lie π
unip
1 (Y, y)) is
L-linear and continuous with respect to the discrete topology on the module.
(2) Let ModfinL (ϕ, Û(Lie π
unip
1 (Y, y))) be the category of pairs (M,ϕ) of an object M ∈
ModfinL (Û(Lie π
unip
1 (Y, y))) and a σ-semilinear automorphism ϕ on M such that the fol-
lowing diagram commutes:
Û(Lie πunip1 (Y, y))
ρM //
σ−1∗

EndL(M)
Adϕ

Û(Lie πunip1 (Y, y))
ρM // EndL(M),
where ρM is the homomorphism defining the module structure, and Adϕ is defined by
f 7→ ϕ ◦ f ◦ ϕ−1.
For any E ∈ Isoc†(Y, y)unip, by the definition of the tannakian fundamental group we have a
natural morphism of affine group schemes
πunip1 (Y, y)→ GL(ηy(E )),
which induces a morphism of Lie algebras
Lie πunip1 (Y, y)→ [EndL(ηy(E ))].
Moreover this induces an L-algebra homomorphism
Û(Lie πunip1 (Y, y))→ EndL(ηy(E )),
namely a left action of Û(Lie πunip1 (Y, y)) on ηy(E ).
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Proposition 5.9. Let Y be a connected strictly semistable log scheme over k0 and assume that
there exists a k-rational point y ∈ Y sm(k). Then by the construction above, the fiber functor ηy
induces canonical equivalences of categories
Isoc†(Y, y)unip
∼=
−→ ModfinL (Û(Lie π
unip
1 (Y, y))),(5.10)
F Isoc†(Y, y)unip
∼=
−→ ModfinL (ϕ, Û(Lie π
unip
1 (Y, y))).(5.11)
Proof. Since L is of characteristic zero, the equivalence (5.10) is given by [16, IV §2, Corol-
lary 4.5.b]. Then the autofunctor σ∗ on Isoc†(Y, y)unip corresponds to the autofunctor on
ModL(Û(Lie π
unip
1 (Y, y))) given by twisting the action as
ρσ∗M := ρM ◦ σ∗ : Û(Lie π
unip
1 (Y, y))→ EndL(M)
for any M ∈ ModL(Û(Lie π
unip
1 (Y, y))), where ρM denotes the algebra homomorphism defin-
ing the module sructure of M . Thus a Frobenius structure Φ: σ∗E
∼=
−→ E corresponds to an
isomorphism ϕ : σ∗ηy(E )
∼=
−→ ηy(E ) such that
ϕ ◦ (ρηy(E ) ◦ σ∗(g))(m) = ρηy(E )(g) ◦ ϕ(m)
for any m ∈ ηy(E ) and g ∈ Û(Lieπ
unip
1 (Y, y)). This gives the equivalence (5.11). 
6. Mixed F -isocrystals
In this section, we introduce the notion of mixed log overconvergent F -isocrystals, and prove
their rigidity property.
Assume that k is a finite field of order q = pd. Since σd = idL on L, for any M ∈ Mod
fin
L (ϕ,N)
the automorphism ϕd is L-linear. A Weil number relative to k is an algebraic number α whose
archimedean absolute value with respect to any embedding into C is qn/2 for some n ∈ Z. We
call n the weight of α.
Definition 6.1. Let M ∈ ModfinL (ϕ,N). We say M is pure of weight n (resp. mixed) relative
to k if all eigenvalues of ϕd are Weil numbers of weight n (resp. of several weights) relative to
k. We denote by ModmixL (ϕ,N) (resp. Mod
mix
L (ϕ)) the full subcategory of Mod
fin
L (ϕ,N) (resp.
ModfinL (ϕ)) consisting of mixed objects relative to k.
Remark 6.2. (1) Mixed objects are closed under extension, subobject, quotient, tensor
product, internal Hom, and dual in the category ModfinL (ϕ,N). In particular, Mod
mix
L (ϕ,N)
is a neautral tannakian category over Qp.
(2) Let k′ be a finite extension of k of degree r, and L′ the fraction field of the ring of Witt
vectors of k′. Then an algebraic number α is a Weil number of weight n relative to k if and
only if αr is a Weil number of weight n relative to k′. Thus an object M ∈ ModfinL (ϕ,N)
is pure of weight n (resp. mixed) relative to k if and only if M ⊗L L
′ is pure of weight n
(resp. mixed) relative to k′.
If M is mixed relative to k, there exists a unique increasing filtration W• on M by subobjects
such that GrWn M is pure of weight n. IndeedWnM is given by the sum of generalized eigenspaces
of the eigenvalues of weight equal or less than qn/2. The relation Nϕ = pϕN implies that N
preserves W•. We call this the weight filtration on M .
Definition 6.3. Let Y be a strictly semistable log scheme over k0 and let (E ,Φ) ∈ F Isoc†(Y/W∅)unip.
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(1) We say (E ,Φ) is pure of weight n if for any y ∈ P (Y ) the object H0HK(y, (Ey,Φy)) ∈
ModfinLy(ϕ,N) is pure of weight n relative to ky.
(2) We say (E ,Φ) is mixed if there exists a finite increasing filtration W• on (E ,Φ) by
subobjects, such that GrWn (E ,Φ) is pure of weight n for any n ∈ Z. We call such a
filtration a weight filtration. We denote by F Isoc†(Y/W∅)mix the full subcategory of
F Isoc†(Y/W∅)unip consisting of mixed objects.
Proposition 6.4. Mixed objects are closed under subobject, quotient, tensor product, internal
Hom, and dual in the category F Isoc†(Y/W∅)unip. In particular F Isoc†(Y/W∅)mix is a tan-
nakian category over Qp.
Proof. Let (E ′,Φ′) be a subobject (resp. quotient) of (E ,Φ) in F Isoc†(Y/W∅)unip, and assume
that (E ,Φ) is mixed with a weight filtration W•. We denote again by W• the induced filtration
on E ′. Then Φ′ preserves W•, and Gr
W
n (E
′,Φ′) is a subobject (resp. quotient) of GrWn (E ,Φ).
Therefore H0HK(y, (Gr
W
n (E
′,Φ′))y) is a subobject (resp. quotient) of H
0
HK(y, (Gr
W
n (E ,Φ))y) and
hence pure of weight n.
Let (F ,Ψ), (F ′ ,Ψ′) ∈ F Isoc†(Y/W∅)mix and (F ′′,Ψ′′) := (F ,Ψ)⊗(F ′,Ψ′) (resp. (F ′′,Ψ′′) :=
Hom((F ′,Ψ′), (F ,Ψ))). Taking weight filtrations on F and F ′, we define a filtration on F ′′
by
WnF
′′ =Wn(F ⊗F
′) :=
∑
m∈Z
WmF ⊗Wn−mF
′,(
resp. WnF
′′ =WnHom(F
′,F ) :=
{
f ∈ Hom(F ′,F ) | f(WmF
′) ⊂Wm+nF for any m ∈ Z
})
.
Then Ψ′′ preserves the weight filtration. Since there exists a canonical isomorphism
GrWn (F
′′,Ψ′′) ∼=
⊕
m∈Z
GrWm (F ,Ψ) ⊗Gr
W
n−m(F
′,Ψ′)
(
resp. GrWn (F
′′,Ψ′′) ∼=
⊕
m∈Z
Hom(GrWm (F
′,Ψ′),GrWm+n(F ,Ψ))
)
for any n ∈ Z, we have
H0HK(y, (Gr
W
n (F
′′,Ψ′′))y) ∼=
⊕
m∈Z
H0HK(y, (Gr
W
m (F ,Ψ))y)⊗H
0
HK(y, (Gr
W
n−m(F
′,Ψ′))y),(
resp. H0HK(y, (Gr
W
n (F
′′,Ψ′′))y) ∼=
⊕
m∈Z
Hom(H0HK(y, (Gr
W
m (F
′,Ψ′))y),H
0
HK(y, (Gr
W
m+n(F ,Ψ))y))
)
,
which is pure of weight n relative to ky. 
In order to prove that a weight filtration on a log overconvergent F -isocrystal is unique if it
exists, we prepare some assertions.
Lemma 6.5. Let Y be a strictly semistable log scheme over k0, D the horizontal divisor of Y ,
and ΥY the set of irreducible components of Y . For a subset I ⊂ ΥY , let Y
∞
I be the log scheme
whose underlying scheme is YI :=
⋂
i∈I Yi and whose log structure is associated to the divisor
YI ∩ D (not the pull-back structure of Y ). For r ≥ 0, let Y
∞,(r) :=
∐
I⊂ΥY
|I|=r
Y∞I . Then there
exists a spectral sequence
(6.1) E−i,i+n1 =
⊕
j≥max{0,−i}
Hn−i−2jrig (Y
∞,(i+2j+1)/W∅)(−i− j)⇒ Hnrig(Y/W
0) ∼= HnHK(Y ).
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Here (−i− j) denotes the twist of ϕ-modules (see Definition 3.7).
Proof. This is given by repeating the same construction as [21, §5 (4)], or applying [21, §5 (4)]
for U := Y \D. (Note that we have HnHK(Y )
∼= HnHK(U) by [18, Lemma 3.15].) 
Proposition 6.6. Let Y be a strictly semistable log scheme over k0.
(1) For any object (E ,Φ) ∈ F Isoc†(Y/W∅)mix, the cohomology groups HnHK(Y, (E ,Φ)) and
Hnrig(Y/W
∅, (E ,Φ)) are mixed relative to k for any n.
(2) For the trivial coefficient, the weights of Hnrig(Y/W
∅) and HnHK(Y ) lie in the interval
[0, 2n], that is, we have
GrWi H
n
rig(Y/W
∅) = GrWi H
n
HK(Y ) = 0
for any i /∈ [0, 2n].
Proof. By Proposition 6.4 and the spectral sequence (4.11), it suffices to consider the case
(E ,Φ) = OY/W∅ . For the spectral sequence (6.1), we have E
−i,i+n
1 = 0 if i /∈ [−n, n]. Moreover
E−i,i+n1 are mixed whose weights lie in [n+ i, 2n] by [9, Ch.I, Theorem 2.2] . Thus the weights
of HnHK(Y ) lie in [0, 2n]. Since (4.6) induces an exact sequence
Hn−1HK (Y )(−1)→ H
n
rig(Y/W
∅)→ HnHK(Y ),
we see that the weights of Hnrig(Y/W
∅) also lie in [0, 2n]. 
Lemma 6.7. Let Y be a strictly semistable log scheme of finite type over k0 and let (E ,Φ) ∈
F Isoc†(Y/W∅)unip. If (E ,Φ) is pure object of weight n, then H0HK(Y, (E ,Φ)) and H
0
rig(Y/W
∅, (E ,Φ))
are pure of weight n relative to k. If (E ,Φ) is mixed with a weight filtration W•, then we have
WnH
0
HK(Y, (E ,Φ)) = H
0
HK(Y,Wn(E ,Φ)) and WnH
0
rig(Y/W
∅, (E ,Φ)) = H0rig(Y/W
∅,Wn(E ,Φ)),
where Wn on the left hand side are the weight filtrations canonically defined for objects of
ModmixL (ϕ,N).
Proof. The first assertion follows from the spectral sequence (4.11) and the fact that H0HK(Y ) =
H0rig(Y/W
∅) is pure of weight 0 relative to k.
Assume that (E ,Φ) is mixed with a weight filtration W•, and let W
′
nH
0
HK(Y, (E ,Φ)) :=
H0HK(Y,Wn(E ,Φ)) for n ∈ Z. Then Gr
W ′
n H
0
HK(Y, (E ,Φ)) ⊂ H
0
HK(Y,Gr
W
n (E ,Φ)), and they
are pure of weight n relative to k by the first assertion. Thus W ′ gives the weight filtration
on H0HK(Y, (E ,Φ)). The equality for the weight filtration on H
0
rig(Y/W
∅, (E ,Φ)) follows in the
same way. 
Now we may prove the uniqueness of the weight filtration of a mixed log overconvergent F -
isocrystal.
Proposition 6.8. Let Y be a strictly semistable log scheme of finite type over k0 and let (E ,Φ) ∈
F Isoc†(Y/W∅)unip. A weight filtration W• on (E ,Φ) is unique if it exists.
Proof. Assume that W 1• and W
2
• are weight filtrations on (E ,Φ). Let W˜
1
• and W˜
2
• be the
filtrations on Hom(E ,E ) defined by
W˜ 1nHom(E ,E ) :=
{
f ∈ Hom(E ,E ) | f(W 1mE ) ⊂W
2
m+nE for any m ∈ Z
}
,
W˜ 2nHom(E ,E ) :=
{
f ∈ Hom(E ,E ) | f(W 2mE ) ⊂W
1
m+nE for any m ∈ Z
}
.
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By Proposition 6.4, both ofW 1• andW
2
• are weight filtrations makingHom((E ,Φ), (E ,Φ)) mixed.
The identity on E defines an element
idE ∈W0H
0
rig(Y/W
∅,Hom((E ,Φ), (E ,Φ))) = H0rig(Y/W
∅, W˜ i0Hom((E ,Φ), (E ,Φ)))
for i = 1, 2, since it is fixed by the Frobenius action. Here the equality is given by Lemma 6.7.
The image of idE by the morphism
H0rig(Y/W
∅, W˜ i0Hom((E ,Φ), (E ,Φ)))⊗ OY/W∅ → W˜
i
0Hom((E ,Φ), (E ,Φ))
is also given by the identity on E . Thus by the definition of W˜ i0 we see that W
1
• ⊂ W
2
• and
W 2• ⊂W
1
• . 
Corollary 6.9. Let Y be a strictly semistable log scheme over k0. Any morphism in F Isoc†(Y/W∅)mix
is strictly compatible with the weight filtrations.
Proof. Let f : (E ′,Φ′) → (E ,Φ) be a morphism in F Isoc†(Y/W∅)mix. We define filtrations W 1•
and W 2• on Im f by
W 1nIm f := Im (WnE
′ → E ) and W 2nIm f :=WnE ∩ Im f.
Then GrWn E
′ → GrW
1
n Im f is surjective, and Gr
W 2
n Im f → Gr
W
n E is injective. Thus W
1 and W 2
both define weight filtrations on Im f . By Proposition 6.8 we have W 1• =W
2
• . 
Proposition 6.10. Let Y be a strictly semistable log scheme over k0, and let (E ,Φ) ∈ F Isoc†(Y/W∅)unip.
Let k′ be a finite extension of k, W ′ the ring of Witt vectors of k′, and Y ′ := Y ×W∅ W
′∅. Then
(E ,Φ) is mixed if and only if its pull-back (ρ, ̺)∗(E ,Φ) ∈ F Isoc†(Y ′/W ′∅)unip with respect to the
commutative diagram
Y ′ //
ρ

k′∅ //
̺Fp

W ′∅
̺Zp

Y // k∅ // W∅
is mixed.
Proof. We may assume that Y is connected. Moreover, by extending k′, we may assume that
any connected component of Y ×k∅ k
′∅ has a k′-rational point. The necessity is obvious. Assume
that (E ′,Φ′) := (ρ, ̺)∗(E ,Φ) is mixed. Since the weight filtration is canonical, W• on (E
′,Φ′)
is stable under the action of Gal(k′/k) = Gal(L′/L). Then Galois descent with respect to
Gal(L′/L) works for the weight filtration on (E ′,Φ′), and we obtain the weight filtration on
(E ,Φ). 
Next we study the weight filtration of the tannakian fundamental group.
Proposition 6.11. Let Y be a connected strictly semistable log scheme over k0 and assume
that there exists a k-rational point y ∈ Y sm(k). The object of ModL(ϕ) given by the L-vector
space Û(Lie πunip1 (Y, y)) equipped with σ
−1
∗ is a projective limit of objects of Mod
mix
L (ϕ). There
exists a canonical increasing filtration W• on Û(Lie π
unip
1 (Y, y)) such that Gr
W
n Û(Lie π
unip
1 (Y, y))
is a projective limit of objects of ModL(ϕ)
mix which are pure of weight n relative to k. We have
W0Û(Lie π
unip
1 (Y, y)) = Û(Lie π
unip
1 (Y, y)).
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Proof. We first note that σ∗ induces an automorphism on a/a
2, and we have a commutative
diagram
(6.2) H1rig(Y/W
∅)
∼= //
ϕd

(a/a2)∨
(σd∗)
∨

H1rig(Y/W
∅)
∼= // (a/a2)∨,
where the horizontal maps are given in (5.9) and (σd∗)
∨ is defined by f 7→ f ◦ σd∗ .
Since for any k ≥ 0 there exists a surjection (a/a2)⊗k → ak/ak+1 which is compatible with
σ−1∗ , we see that a
k/ak+1 and hence Û(Lie πunip1 (Y, y))/a
k belong to ModmixL (ϕ). By Proposition
5.7 we have
Û(Lie πunip1 (Y, y)) = lim←−
k∈N
Û(Lie πunip1 (Y, y))/a
k.
The weight filtration W• on Û(Lie π
unip
1 (Y, y)) is given by
WnÛ(Lie π
unip
1 (Y, y)) := lim←−
k∈N
Wn
(
Û(Lie πunip1 (Y, y))/a
k
)
.
By Proposition 6.6 and the diagram (6.2), the weights of a/a2 lie in the interval [−2, 0]. This
implies W0Û(Lie π
unip
1 (Y, y)) = Û(Lie π
unip
1 (Y, y)). 
Definition 6.12. Let Y be a connected strictly semistable log scheme over k0 and assume
that there exists a k-rational point y ∈ Y sm(k). Let ModmixL (ϕ, Û(Lie π
unip
1 (Y, y))) be the full
subcategory of ModfinL (ϕ, Û(Lie π
unip
1 (Y, y))) consisting of objects which are mixed relative to k.
The following theorem for the rigidity of mixed log overconvergent F -isocrystals is regarded
as a p-adic analogue of [22, Theorem 1.6].
Theorem 6.13. Let Y be a connected strictly semistable log scheme over k0 and assume that
there exists a k-rational point y ∈ Y sm(k). Then the fiber functor ηy induces a canonical equiv-
alence of categories
(6.3) F Isoc†(Y/W∅)mix
∼=
−→ ModmixL (ϕ, Û(Lie π
unip
1 (Y, y))).
In other words, an object (E ,Φ) ∈ F Isoc†(Y/W∅)unip is mixed if and only if ηy(E ,Φ) is mixed.
Proof. The necessity is clear by definition. We will show that an object (E ,Φ) ∈ F Isoc†(Y/W∅)unip
is mixed if M := ηy(E ,Φ) is mixed. Since the homomorphism
Û(Lie πunip1 (Y, y))→ EndL(M)
is compatible with the Frobenius operators, it induces
(6.4) Û(Lie πunip1 (Y, y)) =W0Û(Lie π
unip
1 (Y, y))→W0EndL(M).
Therefore the action of Û(Lie πunip1 (Y, y)) on M preserves the weight filtration on M . Hence we
may define a subobject Wn(E ,Φ) ⊂ (E ,Φ) for n ∈ N to be the object which corresponds to
WnM via the equivalence (5.11). Since ηy is exact and mixed objects are closed under extension
in ModfinL (ϕ), W• gives the weight filtration of (E ,Φ). 
Corollary 6.14. Mixed objects are closed under extension in F Isoc†(Y/W∅)unip.
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Remark 6.15. In the non-logarithmic situation, the weights of the first rigid cohomology are
1 or 2, and hence GrW0 of the universal enveloping algebra is just L. This implies that any pure
object is constant (see the proof of [9, Theorem 3.4.1]).
The analogy of this breaks down In our situation. Namely, the weights of H1rig(Y/W
∅) are
0, 1, or 2, and GrW0 U˜(Lie π
unip
1 (Y, y)) can have infinite dimension. This causes a pure object
(E ,Φ) ∈ F Isoc†(Y/W∅)mix can be non-constant. For example, if we consider a strictly semistable
reduction of a Tate curve as in [18, §5], H1abs(Y/W
∅) ∼= Ext1
F Isoc†(Y/W∅)unip
(OY/W∅ ,OY/W∅) is a
two dimensional Qp-vector space. Extension classes in
L/(1 − σ)(L) ∼= Im (H0rig(Y/W
∅)→ H1abs(Y/W
∅))
are represented by pure constant objects, however other extension classes are represented by
pure non-constant objects.
Part 2. Theory in mixed characteristic: p-adic Hodge cohomology and syntomic
cohomology with syntomic coefficients
In this part, we study the Hyodo–Kato map, introduce the category of syntomic coefficients,
and give the definition of the p-adic Hodge cohomology and the syntomic cohomology with
syntomic coefficients.
Let V be a complete discrete valuation ring of mixed characteristic (0, p) with maximal ideal
m, residue field k, and fraction field K. Assume that k is perfect. Let W = W (k) be the
ring of Witt vectors of k, and L the fraction field of W . Let V ♯ be the weak formal scheme
Spwf V endowed with the canonical log structure. Namely we have Γ(V ♯,NV ♯) = V \ {0}. Let
S = (SpwfW JsK,NS) and τ : k
0 →֒ S be as in §3.
For a choice of a uniformizer π ∈ V , let jπ : V
♯ →֒ S be the exact closed immersion defined by
s 7→ π, and let τπ : k
0 →֒ V ♯ be the unique exact closed immersion such that τ = jπ ◦ τπ.
7. De Rham cohomology
We first prepare some notion concerning the de Rham cohomology of strictly semistable weak
formal log schemes over V ♯.
Definition 7.1. A weak formal log scheme X over V ♯ is said to be strictly semistable if Zariski
locally there exist a uniformizer π ∈ V , integers n ≥ 1, m ≥ 0 and a strict smooth morphism
X → (Spwf V [x1, . . . , xn, y1, . . . , ym]
†/(π − x1 · · · xn),N )
where the log structure N is induced by the map
Nn ⊕ Nm → V [x1, . . . , xn, y1, . . . , ym]
†/(π − x1 · · · xn); ((ki), (ℓj)) 7→ x
k1
1 · · · x
kn
n y
ℓ1
1 · · · y
ℓn
m .
We call the simple normal crossing divisor on X locally defined by y1 · · · ym the horizontal divisor
of X . Note that the condition that X is strictly semistable is independent of the choice of π.
Definition 7.2. Let X be a strictly semistable weak formal log scheme over V ♯. We say an
object (E ,∇) ∈ MIC†(X/V ♯) has nilpotent residues if it has nilpotent residues with respect to
the horizontal divisor in the sense of [27, Definition 2.3.9]. More precisely, Zariski locally on X
we take a strict smooth morphism
X → (Spwf V [x1, . . . , xn, y1, . . . , ym]
†/(π − x1 · · · xn),N )
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as in Definition 7.1. For j = 1, . . . ,m, Dj ⊂ XQ be the closed dagger space defined by yj. If we
let Ω1XQ the sheaf of (non-logarithmic) differentials on XQ, then we have
Coker
(
E ⊗
(
Ω1XQ ⊕
⊕
i 6=j
OXQd log yi
)
→ E ⊗ ω1X/V ♯,Q
)
= E ⊗ ODj · d log yj.
The composition of ∇ : E → E ⊗ ω1
X/V ♯,Q
with the projection E ⊗ ω1
X/V ♯,Q
→ E ⊗ ODj · d log yj
induces a morphism E ⊗ ODj → E ⊗ ODj · d log yj. Identifying E ⊗ ODj · d log yj with E ⊗ ODj ,
we obtain an endomorphism resDj on E ⊗ ODj , which we call the residue along Dj. We denote
by MIC†(X/V ♯)nr the full subcategory of MIC†(X/V ♯) consisting of objects having nilpotent
residues.
Proposition 7.3. The category MIC†(X/V ♯)nr is abelian.
Proof. The proposition follows by the same reason as Proposition 3.4. 
Definition 7.4. Let X be a strictly semistable weak formal log scheme over V ♯. An object
(E ,∇) ∈ MIC†(X/V ♯)nr is said to be unipotent if it is an iterated extension of OXQ . We denote
by MIC†(X/V ♯)unip the full subcategory of MIC†(X/V ♯)nr consisting of unipotent objects.
Proposition 7.5. The category MIC†(X/V ♯)unip is abelian.
Proof. The proposition follows by the same reason as Proposition 3.6. 
Proposition 7.6. Let X be a strictly semistable weak formal log scheme over V ♯. For (E ,∇) ∈
MIC†(X/V ♯)unip, the de Rham cohomology groups
HndR(X , (E ,∇)) := H
n(XQ, E ⊗ ω
•
X/V ♯,Q)
are finite dimensional K-vector spaces.
Proof. Since E is unipotent, we may reduce to the case E = OXQ . By counting log poles along the
horizontal divisor, we may define a filtration on ω•
X/V ♯,Q
. The E1-page of the spectral sequence
associated to this filtration consists of de Rham cohomology of strictly semistable weak formal
log schemes over V ♯ with empty horizontal divisor. Hence we may assume that the horizontal
divisor of X is empty. In this case we have ω•
X/V ♯,Q
= Ω•XQ , the usual de Rham complex of XQ.
Therefore the finiteness is given by [20, Theorem A]. 
We say a weak formal log scheme over V ♯ is proper if the underlying weak formal scheme is
proper over V .
Definition 7.7. Let X be a proper strictly semistable weak formal log scheme over V ♯ and
(E ,∇) ∈ MIC†(X/V ♯)unip. A Hodge filtration on (E ,∇) is a finite descending filtration on E by
coherent subsheaves satisfying the Griffith transversality
∇(FnE) ⊂ Fn−1E ⊗ ω1X/V ♯,Q.
For (E ,∇) with a Hodge filtration F •, the complex E ⊗ω•
X/V ♯,Q
is filtered by F • and the stupid
filtration on ω•
X/V ♯,Q
. Namely the filtration defined by
Fn(E ⊗ ωkX/V ♯,Q) := F
n−kE ⊗ ωkX/V ♯,Q
is preserved by ∇. This induces a filtration F • on RΓdR(X , E) = RΓ(XQ, E ⊗ ω
•
X/V ♯,Q
).
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8. Hyodo–Kato map
In this section, we will extend the construction of the Hyodo–Kato map in [18] to cohomology
with coefficients in log overconvergent isocrystal. The Hyodo–Kato map is defined by choosing
a uniformizer of V and a branch of the p-adic logarithm over K, but in fact it depends only on
the choice of a branch of the p-adic logarithm.
Let π ∈ V be a uniformizer. For a strictly semistable log scheme over k0, we denote
Isoc†π(Y/V
♯) := Isoc†(Y/(k0, V ♯, τπ)).
The diagram
Y //
  ❅
❅❅
❅❅
❅❅
❅ k
0

τπ // V ♯

k∅
ι // W∅
induces the pull-back functor
(8.1) Isoc†(Y/W∅)→ Isoc†π(Y/V
♯).
For an object E ∈ Isoc†(Y/W∅), we often denote its pull-back to Isoc†π(Y/V
♯) again by E , and
its cohomology by RΓrig(Y/V
♯,E )π := RΓrig(Y/(k
0, V ♯, τπ),E ).
Proposition 8.1. Let Y be a strictly semistable log scheme of finite type over k0. For E ∈
Isoc†(Y/V ♯)unip, the log rigid cohomology groups Hnrig(Y/V
♯,E )π are finite dimensional K-vector
spaces.
Proof. By taking suitable open covering of Y , RΓrig(Y/V
♯,E )π is computed via de Rham co-
homology of strictly semistable weak formal log schemes over V ♯ with unipotent coefficients.
Hence the assertion follows by Proposition 7.6. 
We recall the notion of a branch of the p-adic logarithm. Let µ ⊂ W× ⊂ V × be the image
of k× under the Teichmu¨ller map, that is the set of |k×|-th roots of unity. Then there is a
decomposition V × = µ(1 +m).
Definition 8.2. A branch of the p-adic logarithm over K is a homomorphism log : K× → K
whose restriction to 1 +m is given by the series
log(1 + x) = −
∑
n≥1
(−x)n
n
(x ∈ m).
For an element ξ ∈ m \ {0} we denote by logξ the unique branch of the p-adic logarithm over K
such that logξ(ξ) = 0. More precisely, for any uniformizer π ∈ V the element ξ can be written
as ξ = πmvw for some m ≥ 1, v ∈ 1 +m, and w ∈ µ. Thus if we set logξ(π) :=
∑
n≥1
(1−v)n
mn , it
extends to a group homomorphism logξ : K
× → K such that logξ(ξ) = 0.
Remark 8.3. Note that any branch of the p-adic logarithm log over K can be written in the
form logξ for some ξ ∈ m \ {0}. Indeed, exp(−p
k log(p)) is well-defined as an element of 1 + m
for a sufficiently large integer k. Then one can see that log = logξ for ξ := p
pk exp(−pk log(p)).
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Now we are ready to define the Hyodo–Kato map. Let X be a strictly semistable weak formal
log scheme X over V ♯ and let Yπ := X ×V ♯,τπ k
0. Composing the pull-back (8.1) and the
realization (see Corollary 2.27), we have a functor
(8.2) Isoc†(Yπ/W
∅)→ MIC†(X/V ♯),
which preserves unipotent objects. For an object E ∈ Isoc†(Yπ/W
∅) we denote by EdR the image
of E in MIC†(X/V ♯).
Definition 8.4. Let X be a strictly semistable weak formal log scheme over V ♯ and π ∈ V a
uniformizer. We denote Yπ := X ×V ♯,τπ k
0. For an object E ∈ Isoc†(Yπ/W
∅), we define the
Hyodo–Kato cohomology of X with coefficients in E to be
RΓHK(X ,E )π := RΓHK(Yπ,E )
equipped with the normalized monodromy operator N := e−1N , where e is the ramification
index of K over Qp.
We take a local embedding datum of Yπ over S and let Z• be the associated simplicial weak
formal log scheme over S. For a branch of the p-adic logarithm log over K, let
Ψπ,log : RΓ(Z•,Q,EZ• ⊗ ω
⋆
Z•/W∅,Q
[u])→ RΓ((Z• ×S,jπ V
♯)Q,EZ• ⊗ ω
⋆
Z•×S,jπV
♯/V ♯,Q)
be the map defined by the natural surjection between differential forms and the association
Ψπ,log(u
[i]) :=
(− log π)i
i!
.
This defines a morphism in Db(ModL)
(8.3) Ψπ,log : RΓHK(X ,E )π → RΓrig(Yπ/V
♯,E )π ∼= RΓdR(X ,EdR),
which we call the Hyodo–Kato map with respect to π and log.
For the dependence of the choice of a branch of the p-adic logarithm, we have the following.
Proposition 8.5. Let X be a strictly semistable weak formal log scheme over V ♯, π ∈ V a
uniformizer, and E ∈ Isoc†(Yπ/W
∅). For branches log, log′ of the p-adic logarithm, we have
(8.4) Ψπ,log′,K = Ψπ,log,K ◦ exp
(
−
log′(ξ)
ordp(ξ)
·N
)
,
where ξ ∈ m \ {0} is an element satisfying log(ξ) = 0. In particular, we have
(8.5) Ψπ,log,K = Ψπ,logπ,K ◦ exp(− log(π) ·N)
for any branch of the p-adic logarithm log over K.
Proof. The equality (8.5) follows by
Ψπ,logπ ,K ◦ exp(− log(π) ·N)(u
[i]) = Ψπ,logπ,K
 i∑
j=0
(− log(π))j
j!
u[i−j]

=
(− log(π))i
i!
= Ψπ,log(u
[i]).
Then (8.4) follows from (8.5). 
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Next we will give a base change result for the Hyodo–Kato map, and see the independence
from the choice of a uniformizer. Let V ′ be a finite extension of V . We use notations K ′, m′, k′,
W ′, S ′, L′, e′, µ′ for V ′. For a uniformizer π′ ∈ V ′, there uniquely exist units v ∈ 1+m′, w ∈ µ′
such that π = vwπ′ℓ, where ℓ = e′e−1 is the ramification index of K ′ over K. Then there exists
a commutative diagram
k′0
τπ′ //
̺π,π′

V ′♯
̺V ′/V

k0
τπ // V ♯,
where the right vertical morphism ̺V ′/V is induced by the natural inclusion V →֒ V
′, and the
left vertical morphism ̺π,π′ is defined by the natural inclusion k →֒ k
′ and s 7→ ws′. Here w
denotes the image of w in k′×, and s and s′ denote the canonical generators of the log structures
of k0 and k′0, respectively.
Consider a commutative diagram
(8.6) X ′ //
f

V ′♯
̺V ′/V

X // V ♯,
where X ′ and X are strictly semistable weak formal log schemes over V ′♯ and V ♯, respectively.
Let Y ′π′ := X
′ ×V ′♯,τπ′ k
′0 and Yπ := X ×V ♯,τπ k
0. Then f induces a morphism fπ,π′ : Y
′
π′ → Yπ
which is compatible with ̺π,π′ . The commutative diagram
Y ′π′
fπ,π′

// k′∅

// W ′∅

Yπ // k
∅ // W∅
induces functors
f
∗
π,π′ : Isoc
†(Yπ/W
∅)→ Isoc†(Y ′π′/W
′∅),(8.7)
f
∗
π,π′ : F Isoc
†(Yπ/W
∅)→ F Isoc†(Y ′π′/W
′∅),
For an object E ∈ Isoc†(Y/W∅), we have an equality (f
∗
π,π′E )dR = f
∗EdR.
Proposition 8.6. Consider a diagram (8.6) and E ∈ Isoc†(Yπ/W
∅). Then f induces canonical
morphisms
f∗HK : RΓHK(X ,E )π → RΓHK(X
′, f
∗
π,π′E )π′ ,
f∗dR : RΓdR(X ,EdR)→ RΓdR(X
′, f∗EdR),
which are compatible with the Hyodo–Kato maps in the sense that
(8.8) Ψπ′,log ◦ f
∗
HK = f
∗
dR ◦Ψπ,log
holds for any branch of the p-adic logarithm. If a Frobenius structure Φ on E is given, the
morphism f∗HK is compatible with Frobenius operators.
In particular, the Hyodo–Kato map is independent of the choice of a uniformizer, up to canon-
ical isomorphisms.
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Proof. We denote E ′ := f
∗
π,π′E to simplify notations. The map f
∗
dR is defined obviously. Take
local embedding data for Yπ over S and Y
′
π′ over S
′, and denote by (Z•,Z•, i•) and (Z
′
•,Z
′
•, i
′
•)
the induced simplicial widenings. Let ˜̺π,π′ : S ′ → S
be the morphism defined by s 7→ ws′ℓ. Let Z ′′m,n be the exactification of
Z ′′m,n := Zm ×Yπ Z
′
n →֒ Zm ×S Z
′
n,
where the morphisms Z ′n → Yπ and Z
′
n → S are defined through fπ,π′ and ˜̺π,π′ , respectively.
Then the natural projection induces a quasi-isomorphism
(8.9) RΓHK(X
′,E ′)π′ = RΓ(Z
′
•,Q,E
′
Z′•
⊗ ω⋆Z′•/W ′∅,Q[u
′])
∼=
−→ RΓ(Z ′′•,•,Q,E
′
Z′′•,•
⊗ ω⋆Z′′•,•/W ′∅,Q[u
′]),
where [u′] denotes the Kim–Hain construction defined by du′[i] := −d log s′ · u′[i−1]. Then fHK is
given by (8.9) and the map
RΓHK(X ,E )π = RΓ(Z•,Q,EZ• ⊗ ω
⋆
Z•/W∅,Q
[u])→ RΓ(Z ′′•,•,Q,E
′
Z′′•,•
⊗ ω⋆Z′′•,•/W ′∅,Q[u
′])
defined by u[i] 7→ ℓiu′[i]. It is straightforward to see that fHK is compatible with differential,
Frobenius, and normalized monodromy.
To see the equality (8.8), let S˜ and Z˜m,n be the exactifications of k
′0 →֒ S ×W∅ S
′ and
Zm,n →֒ Zm ×W∅ Z
′
n, respectively. Here the morphisms k
′0 → S is defined through ̺π,π′ . Then
there exists an exact closed immersion jπ,π′ : V
′♯ →֒ S˜ which makes the diagram
V ′♯ //
jπ′
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
jπ,π′

V ♯
jπ

S ′ S˜oo // S
commutative, and the structure morphism Z˜m,n → W
∅ factors through S˜. We define a quasi-
isomorphism
γ : RΓ(Z˜•,•,Q,EZ˜•,• ⊗ ω
⋆
Z˜•,•/W∅,Q
[u])
∼=
−→ RΓ(Z˜•,•,Q,E
′
Z˜•,•
⊗ ω⋆
Z˜•,•/W ′∅,Q
[u′])
by
γ(u[i]) := exp
(
log
(
ws′ℓ
s
)
·
N
ℓ
)
(ℓiu′[i]) =
i∑
j=0
(
log
(
ws′ℓ
s
))j
j!
ℓi−ju′[i−j].
Note that
log
(
ws′ℓ
s
)
=
∑
m≥1
(−1)m−1
m
(
ws′ℓ
s
)m
is well defined as global functions on S˜ and Z˜m,n. It is straightforward to see that γ is compatible
with differentials, Frobenius, and normalized monodromy (e−1N on the left hand side and e′−1N
on the right hand side). Let
Xm := Zm ×S,jπ V
♯, X ′m := Z
′
m ×S′,jπ′ V
′♯, X˜m,n := Z˜m,n ×S˜.jπ,π′
V ′♯.
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We denote by EXm , E
′
X ′m
, and E ′
X˜m,n
the modules with log connection on Xm,Q, X
′
m,Q, and X˜m,n,Q
induced by E and E ′. Then we have the following diagram:
RΓ(Z•,Q, EZ• ⊗ ω
⋆
Z•/W∅,Q
[u]) //
Ψπ,log
++

(∗)
RΓ(Z˜•,•,Q, EZ˜•,• ⊗ ω
⋆
Z˜•,•/W∅,Q
[u])
ψ
((
γ∼=

RΓ(X•,Q, EX• ⊗ ω
⋆
X•/V ♯,Q
)

(∗∗)
RΓ(Z ′′
•,•,Q, E
′
Z′′
•,•
⊗ ω⋆
Z′′
•,•/W
′∅,Q[u
′]) RΓ(Z˜•,•,Q, E ′
Z˜•,•
⊗ ω⋆
Z˜•,•/W ′∅,Q
[u′])
∼=oo
ψ′
// RΓ(X˜•,•,Q, E ′
X˜•,•
⊗ ω⋆
X˜•,•/V ′♯,Q
)
RΓ(Z ′
•,Q, E
′
Z′
•
⊗ ω⋆
Z′
•
/W ′∅,Q[u
′])
∼=
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
Ψπ′,log
//
∼=
OO
RΓ(X ′
•,Q, E
′
X•
⊗ ω⋆
X ′
•
/V ′♯,Q),
∼=
OO
where the morphisms ψ and ψ′ are defined by
u[i] 7→
(− log(π))i
i!
and u′[i] 7→
(− log(π′))i
i!
,
as well as Ψπ,log and Ψπ′,log, respectively. The morphisms fHK and fdR are given as the compo-
sitions of the left and the right vertical morphisms. The commutativity of the triangles and the
squares in the diagram except for (∗) and (∗∗) follows from the construction. The commutativity
of the square (∗) follows from the fact that we have
log
(
ws′ℓ
s
)
= log(1) = 0
on Z ′′m,n,Q. Noting that log(w) = 0, the commutativity of the triangle (∗∗) follows by
ψ′ ◦ γ(u[i]) = ψ′
 i∑
j=0
(
log
(
ws′ℓ
s
))j
j!
ℓi−ju′[i−j]

=
i∑
j=0
ℓi−j
(
log
(
wπ′ℓ
π
))j
(− log(π′))i−j
j!(i − j)!
=
i∑
j=0
(i
j
)
(− log(v))j(−ℓ log(π′))i−j
i!
=
(− log(vπ′ℓ))i
i!
=
(− log(π))i
i!
= ψ(u[i]).
This finishes the proof. 
Remark 8.7. By [23, Proposition 1.10 and Remark 1.12], for any (proper) strictly semistable
weak formal log scheme X over V ♯ and any finite extension V ′/V there exists a diagram (8.6)
such that X ′Q → XQ ×SpK SpK
′ is an isomorphism. Then fHK and fdR are quasi-isomorphisms
after tensoring with L′ and K ′, respectively.
The following is a crucial property of the Hyodo–Kato map.
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Proposition 8.8. Let X be a strictly semistable weak formal log scheme over V ♯ and E ∈
Isoc†(Yπ/W
∅)unip. The Hyodo–Kato map induces a quasi-isomorphism
Ψπ,log,K : RΓHK(Yπ,E )K := RΓHK(Yπ,E )⊗L K
∼=
−→ RΓdR(X ,EdR).
Proof. Since E is unipotent, we may assume that E = OYπ/W∅ . In this case, the assertion was
proved in [18, Proposition 4.7]. 
Lastly, we note that in the smooth case our Hyodo–Kato map recovers the base change map
of non-logarithmic rigid cohomology.
Proposition 8.9. Consider a smooth weak formal scheme over V , and deote by X and X∅ the
weak formal log scheme given by endowing the pull-back log structure of V ♯ and the trivial log
structure, respectively. Let Yπ := X×V ♯,τπk
0 and Y ∅ := X∅×V ∅k
∅. Let E ∈ Isoc†(Y ∅/W∅) be a
unipotent object, and we denote its pull-back to Isoc†(Yπ/W
∅) again by E . Then the monodromy
operator on HnHK(X ,E )π is trivial, and there exists a canonical quasi-isomorphism
(8.10) RΓrig(Y
∅/W∅,E )
∼=
−→ RΓHK(X ,E )π,
which makes the diagram
RΓrig(Y
∅/W∅,E )
∼=

// RΓrig(Y
∅/V ∅,E )
∼=

RΓHK(X ,E )π
Ψπ,log // RΓdR(X ,EdR)
commutative for any branch of the p-adic logarithm log. Here the upper horizontal map is the
base change map. When we consider a Frobenius structure on E , (8.10) is compatible with
Frobenius operators.
Proof. Pull-back morphisms give a commutative diagram
(8.11) RΓrig(Y
∅/W∅,E ) //
 ))❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
RΓrig(Y
∅/V ∅,E )
∼=

RΓrig(Yπ/W
0,E ) RΓrig(Yπ/W
∅,E )oo
uu❦❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦❦
))❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙
RΓHK(Yπ,E )
∼=
OO
Ψπ,log
// RΓrig(Yπ/V
♯,E )
RΓHK(X ,E )π RΓdR(X ,EdR).
To prove that (8.10) is a quasi-isomorphism, it suffices to show that RΓrig(Y
∅/W∅,E ) →
RΓrig(Yπ/W
0,E ) is a quasi-isomrophism. Since E is unipotent, it suffices to prove for the
trivial coefficient. Take a local embedding datum for Y ∅ over W∅ consisting of smooth weak
formal schemes over W equipped with the trivial log structures, and let Z∅• be the associated
simplicial weak formal log scheme over W∅. If we let Zm := Z
∅
m×W∅W
0, then RΓrig(Yπ/W
0) is
computed by Z•. Since we have ω
⋆
Z∅• /W∅
= ω⋆Z•/W 0 by construction, we obtain the isomorphism
RΓrig(Y
∅/W∅) ∼= RΓrig(Yπ/W
0) as desired.
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In addition, by the commutativity of the diagram (8.11), we see that the natural mapHnrig(Yπ/W
∅,E )→
HnHK(Yπ,E ) is surjective for any i. This implies that the monodromy operator on H
n
HK(Yπ,E )
is trivial. 
9. Syntomic coefficients
In this section, we introduce the category of syntomic coefficients. We first recall some notion
concerning filtered (ϕ,N)-modules.
Definition 9.1. We define the category MFK(ϕ,N) as follows:
• An object of MFK(ϕ,N) is an object M ∈ ModL(ϕ,N) equipped with a separated
exhaustive descending filtration F • on MK :=M ⊗LK by K-subspaces. We call F
• the
Hodge filtration on M .
• A morphism f : M ′ → M in MFK(ϕ,N) is a morphism in ModL(ϕ,N) such that the
induced map fK : M
′
K →MK preserves the Hodge filtrations.
We denote by MFfinK (ϕ,N) the full subcategory of MFK(ϕ,N) consisting of objects which have
finite dimension and whose Frobenius operators are bijective. We call an object of MFfinK (ϕ,N)
a filtered (ϕ,N)-module.
Let M ∈ MFfinK (ϕ,N) and choose a basis {e1, . . . , em} of M over L. We define a matrix
A = (ai,j)i,j ∈ GLm(L) by ϕ(ei) =
∑m
j=1 ai,jej . Then the valuation of detA is independent of
the choice of a basis. We call the number
(9.1) tN (M) := vp(detA)
the Newton number ofM , where vp is the additive valuation normalized by vp(p) = 1. In addition
we define the Hodge number of M to be
(9.2) tH(M) :=
∑
n∈Z
n · dimK Gr
n
FMK .
Definition 9.2. An object M ∈ MFfinK (ϕ,N) is said to be admissible if the following conditions
hold:
• tN (M) = tH(M),
• For any subobject M ′ ⊂M , tN (M
′) ≥ tH(M
′).
We denote by MFadK (ϕ,N) the full subcategory of MF
fin
K (ϕ,N) consisting of admissible objects.
In addition we denote by MFadK (ϕ) ⊂ MF
ad
K (ϕ,N) the full subcategory consisting of objects
whose monodromy operators are trivial.
We say a sequence in MFfinK (ϕ,N)
0→M ′ →M →M ′′ → 0
is exact, if it is exact as a sequence of L-vector spaces and the induced maps M ′K → MK and
MK → M
′′
K are strictly compatible with Hodge filtrations. Note that this is equivalent to the
condition that
0→ FnM ′K → F
nMK → F
nM ′′K → 0
is exact for any n ∈ Z.
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Proposition 9.3. For an exact sequence
0→M ′ →M →M ′′ → 0
in MFfinK (ϕ,N), we have
tN (M) = tN (M
′) + tN (M
′′) and tH(M) = tH(M
′) + tH(M
′′).(9.3)
If M ′ and M ′′ are admissible, then M is also admissible.
Proof. The additivity of tN and tH is clear by definition. If M
′ and M ′′ are admissible, then we
have tN (M) = tH(M). For a subobject D ⊂M ,
0→ D′ → D → D′′ → 0
with D′ := D ∩M ′ and D′′ := Im (D →M ′′) is exact. Therefore we have
tN (D) = tN (D
′) + tN (D
′′), tH(D) = tH(D
′) + tH(D
′′).
If we let D′′′ := Coim (D → M ′′), we have tN (D
′′) = tN (D
′′′) and tH(D
′′) ≤ tH(D
′′′). Since
M ′ and M ′′ are admissible we have tN (D
′) ≥ tH(D
′) and tN (D
′′′) ≥ tH(D
′′′). Consequently we
have tN (D) ≥ tH(D). 
The Frobenius operators and monodromy operators on the tensor products and internal Hom
are given by the same rule as in Definition 3.7. The Hodge filtrations are defined by
Fn(MK ⊗K M
′
K) :=
∑
j∈Z
F jMK ⊗K F
n−jM ′K ,(9.4)
FnHomK(M
′
K ,MK) :=
{
f ∈ HomK(M
′
K ,MK) | f(F
jM ′K) ⊂ F
j+nMK for any j ∈ Z
}
.(9.5)
The following fact plays an important role in the theory of p-adic representations.
Theorem 9.4 (Colmez–Fontaine [14],Colmez [13], Berger [6], Kisin [29]). There exist equiva-
lences of categories
MFadK (ϕ,N)
∼= RepstQp(Gal(K/K)),(9.6)
MFadK (ϕ)
∼= Rep
crys
Qp
(Gal(K/K)),(9.7)
where categories on the right hand side are categories of semistable representations and crys-
talline representations (on Qp of the absolute Galois group), respectively. Moreover they are
neutral tannakian categories over Qp.
Remark 9.5. The equivalence (9.6) in fact depends on the choice of the embedidng Bst →֒ BdR
of Fontaine’s p-adic period domains. More precisely it depends on the choice of a branch of the
p-adic logarithm. The equivalence (9.7) is canonical.
Let π ∈ V be a uniformizer. In order to consider Hodge filtrations, we need the properness of
strictly semistable log schemes, but allow horizontal divisor.
Definition 9.6. Let X be a proper strictly semistable weak formal log scheme over V ♯. We
define the category of (unipotent) syntomic coefficients Synπ(X/V
♯) as follows:
• An object of Synπ(X/V
♯) is a triple E = (E ,Φ, F •), where (E ,Φ) ∈ F Isoc†(Yπ/W
∅)unip
and F • is a Hodge filtration on EdR.
• A morphism f : (E ′,Φ′, F ′•) → (E ,Φ, F •) in Synπ(X/V
♯) is a morphism f : (E ′,Φ′) →
(E ,Φ) in F Isoc†(Yπ/W
∅)unip such that the induced morphism fdR : E
′
dR → EdR preserves
the Hodge filtrations.
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We say a sequence
0→ E′ → E→ E′′ → 0
in Synπ(X/V
♯) is exact if the sequence
0→ E ′ → E → E ′′ → 0
of the underlying log overconvergent isocrystals is exact and the morphisms E ′dR → EdR and
EdR → E
′′
dR are strictly compatible with the Hodge filtrations. This makes Synπ(X/V
♯) an exact
category.
For two objects E,E′ ∈ Synπ(X/V
♯), we define the tensor product E ⊗ E′ and internal Hom
Hom(E′,E) by those on F Isoc†(Yπ/W
∅)unip and the Hodge filtrations given by a similar manner
as (9.4) and (9.5).
Definition 9.7. Let M ∈ MFadK (ϕ,N). The functor (8.2) associates (MK ⊗K OXQ , 1 ⊗ d) ∈
MIC†(X/V ♯)unip to the pseudo-constant log overconvergent F -isocrystal defined by the underly-
ing (ϕ,N)-module ofM . By endowing it with the Hodge filtration defined by FnMK⊗KOXQ , we
obtain an object of Synπ(X/V
♯), which we denote by Ma and call the pseudo-constant syntomic
coefficient associated to M . If M ∈ MFadK (ϕ), we call M
a the constant syntomic coefficient
associated to M .
We denote by OX the constant syntomic coefficient associated to the unit object L ∈ MF
ad
K (ϕ).
10. p-adic Hodge cohomology and syntomic cohomology with coefficients
In this section, we will give the definition of the p-adic Hodge cohomology and the syntomic
cohomology with syntomic coefficients. Then we will see that the syntomic cohomology computes
the extension group of syntomic coefficients.
Let HModK be the exact category of K-vector spaces with descending separated exhaustive
filtration. (The notation H stands for Hodge filtrations. We do not use F since it is confusing
with Frobenius structure.)
We first define the dg category of (admissible) semistable p-adic Hodge complexes following
[15]. Note that they considered Galois action in order to include potentially semistable p-adic
Hodge complexes. Their construction without considering Galois action works as well.
Definition 10.1 ([15, §2.10]). (1) We define the dg category Dst to be the homotopy limit
Dst := holim(D
b(ModfinL (ϕ,N))
ΞHK−−−→ Db(ModK)
ΞdR←−− Db(HModK)),
where Db denote the bounded derived dg categories, ΞdR is the forgetful functor, and ΞHK
is given by forgetting ϕ,N and tensoring with K. Note that an object ofM ∈ Dst consists
of objects MHK ∈ D
b(ModfinL (ϕ,N)), MdR ∈ D
b(HModK), and a quasi-isomorphism
αM : ΞHK(MHK)
∼=
−→ ΞdR(MdR). The cohomology groups H
n(MHK) ⊗L K ∼= H
n(MdR)
define an object of MFK(ϕ,N), which we denote by H
n(M).
(2) An object M = (MHK,MdR, αM) is said to be admissible if MdR is strict (i.e. the differ-
entials are strictly compatible with the filtration) and the cohomology groups Hn(M)
are admissible. We denote by Dadst the full subcategory of Dst consisting of admissible
objects.
(3) We denote by Dst and D
ad
st the homotopy categories of Dst and D
ad
st , respectively.
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Theorem 10.2 ([15, Theorem 2.17]). There exists a canonical equivalence of dg categories
(10.1) Db(MFadK (ϕ,N))
∼=
−→ Dadst ,
and hence an equivalence between their homotopy categories
(10.2) Db(MFadK (ϕ,N))
∼=
−→ Dadst .
Next we give the definition of p-adic Hodge cohomology and the admissibility of syntomic
coefficients.
Definition 10.3. Let X be a proper strictly semistable weak formal log scheme over V ♯ and
E = (E ,Φ, F •) ∈ Synπ(X/V
♯). We define the Hyodo–Kato cohomology of X with coefficients in
E to be
RΓHK(X ,E)π := RΓHK(Yπ, (E ,Φ))
endowed with the Frobenius operator and the normalized monodromy operator N = e−1N . We
also define the de Rham cohomology of X with coefficients in E to be
RΓdR(X ,E) := RΓdR(X ,EdR)
endowed with the Hodge filtration. By Proposition 8.8 and Remark 4.11, the Hyodo–Kato map
Ψπ,log : RΓHK(X ,E)π → RΓdR(X ,E)
defines an object of Dst. We denote it by RΓpH(X ,E)π,log and call the p-adic Hodge cohomology
of X with coefficients in E with respect to π and log.
For the trivial coefficient OX , we denote RΓpH(X )π,log := RΓpH(X ,OX )π,log.
Definition 10.4. An object E ∈ Synπ(X/V
♯) is said to be admissible if the p-adic Hodge
cohomology RΓpH(X ,E)π,log lies in D
ad
st for some choice of log. We denote by Syn
ad
π (X/V
♯) the
full subcategory of Synπ(X/V
♯) consisting of admissible objects.
Proposition 10.5. If E ∈ Synπ(X/V
♯) is admissible, then RΓpH(X ,E)π,log is admissible for
any choice of log.
Proof. The strictness of RΓdR(X ,E)π,log is independent of the choice of log by definition. Recall
that for two choices of log and log′, we have an equality
Ψπ,log′,K = Ψπ,log,K ◦ exp(aN) : RΓHK(X ,E)π,K
∼=
−→ RΓdR(X ,E)
for some a ∈ K by Proposition 8.5. For a subobject M ⊂ HnHK(X ,E)π as a (ϕ,N)-module,
we denote by F • and F ′• the filtration on MK induced by the Hodge filtration on H
n
dR(X ,E)
via Ψπ,log and Ψπ,log′ , respectively. Noting that exp(aN) induces an automorphism on M (as a
vector space), we have
FmMK := Ψ
−1
π,log,K(F
mHndR(X ,E)) ∩MK ,
F ′mMK := Ψ
−1
π,log′,K
(FmHndR(X ,E)) ∩MK = exp(−aN) ◦Ψ
−1
π,log,K(F
mHndR(X ,E)) ∩MK
= exp(−aN)(FmMK).
Thus the Hodge numbers of MK with respect to F
• and F ′• coincides each other, and we see
that HnpH(X ,E)π,log′ is admissible if and only if H
n
pH(X ,E)π,log is so. 
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Consider a commutative diagram
(10.3) X ′ //
f

V ′♯
̺V ′/V

X // V ♯,
where X ′ and X are proper strictly semistable weak formal log schemes over V ′♯ and V ♯, respec-
tively. Then for uniformizers π ∈ V and π′ ∈ V ′, the pull-back of log overconvergent F -isocrystals
(8.7) and the pull-back HMIC†(X/V ♯) → HMIC†(X ′/V ′♯) defined obviously together induce a
functor
(10.4) f∗π,π′ : Synπ(X/V
♯)→ Synπ′(X
′/V ′♯).
Note that f∗π,π′ is compatible with the functors
(·)a : MFfinK (ϕ,N)→ Synπ(X/V
♯) and (·)a : MFfinK (ϕ,N)→ Synπ′(X
′/V ♯).
Moreover, for a branch of the p-adic logarithm log and an object E ∈ Synπ(X/V
♯), the morphisms
f∗HK : RΓHK(X ,E)π → RΓHK(X
′, f∗π,π′E)π′ ,
f∗dR : RΓdR(X ,E)→ RΓdR(X
′, f∗π,π′E)
in Proposition 8.6 induce a morphism between p-adic Hodge cohomology
(10.5) f∗pH : RΓpH(X ,E)π,log → RΓpH(X
′, f∗π,π′E)π′,log.
Proposition 10.6. Consider the diagram (10.3) as above, and assume that f induces an iso-
morphism X ′Q
∼=
−→ XQ ×SpK SpK
′. Then f∗pH induces an isomorphism
RΓpH(X ,E)π,log ⊗L L
′ ∼=−→ RΓpH(X
′, f∗π,π′E)π′,log
in MFK ′(ϕ,N). In particular, E is admissible if and only if f
∗
π,π′E is so.
Proof. Since RΓdR(X ,E)⊗KK
′ → RΓdR(X
′, f∗π,π′E) is an isomorphism, we obtain the assertion.

To give an example of an admissible syntomic coefficient, we need to pass through crystalline
construction.
Lemma 10.7. Assume that X is the weak completion of a proper strictly semistable log scheme
over V ♯. Then the trivial coefficient OX is admissible.
Proof. The strictness of RΓdR(X ) follows from [43, Proposition 4.7.9] or [31, Theorem 1.3]. By
[18, Proposition 6.6], the Hyodo–Kato map Ψπ,logπ is compatible with the crystalline Hyodo–
Kato map Ψcrysπ . Therefore the semistable conjecture which is now a theorem [5, 19, 35, 43]
implies that RΓpH(X )π,logπ is admissible. 
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Lemma 10.8. Let X be a proper strictly semistable weak formal log scheme over V ♯ and M ∈
MFfinK (ϕ,N). Then the following diagram commutes:
(10.6) HnHK(X ,M
a)π,K
∼= //
Ψπ,log,K

MK ⊗H
n
HK(X )π,K
exp(− log(π)·N)⊗Ψπ,log,K

HndR(X ,M
a)
∼= // MK ⊗H
n
dR(X ).
If the monodromy operator N on M is trivial or log = logπ, we have a canonical isomorphism
in MFfinK (ϕ,N)
(10.7) HnpH(X ,M
a)π,log ∼=M ⊗H
n
pH(X )π,log.
Proof. Take a local embedding datum for Yπ over W
∅ consisting of affine weak formal log
schemes, and let denote by Z• the associated simplicial weak formal log scheme. Let α ∈
HnHK(X )π be an element represented by a cocycle
(αq,ru
[q])q,r ∈
⊕
q,r≥0
Γ(Zr,Q, ω
n−r
Zr/W∅,Q
u[q]).
In the proof of Proposition 4.13, we already seen that a class m ⊗ α ∈ M ⊗ HnHK(X ,M
a)π
corresponds via the upper horizontal map in (10.6) to the class β ∈ HnHK(X ,M
a)π represented
by a cocycle
(βq,ru
[q])q,r ∈
⊕
q,r≥0
Γ(Zr,Q,M ⊗ ω
n−r
Zr/W∅,Q
u[q]),
where
βq,r =
q∑
ℓ=0
(
q
ℓ
)
N ℓ(m)⊗ αq−ℓ,r.
Then we have
Ψπ,log((βq,ru
[q])q,r) =
∑
q≥0
q∑
ℓ=0
(− log(π))q
q!
(
q
ℓ
)
N ℓ(m)⊗ αq−ℓ,r

r
=
∑
ℓ,ν≥0
(− log(π))ℓ+ν
ℓ!ν!
N ℓ(m)⊗ αν,r

r
,
whose class corresponds via the lower horizontal map of (10.6) to the class of
∑
ℓ≥0
(− log(π))ℓ
ℓ!
N ℓ(m)⊗
∑
ν≥0
(− log(π))ν
ν!
αν,r

r
= exp(− log(π) ·N)(m)⊗Ψπ,log((αq,ru
[q])q,r).
This shows the commutativity of (10.6). Moreover this immediately implies the isomorphism
(10.7). 
Proposition 10.9. Assume that X is the weak completion of a proper strictly semistable log
scheme over V ♯. An object E ∈ Synπ(X/V
♯) is admissible if it can be written as iterated extension
of pseudo-constant syntomic coefficients.
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Proof. We first note that, for a distinguished triangle in the filtered derived category, if two
of them are strict then another one is also strict. By this fact and Proposition 9.3 we may
assume that E = Ma is pseudo-constant. The strictness of RΓdR(X ) (i.e. E1-degeneration of
the Hodge-de Rham spectral sequence for the trivial coefficient) gives
(10.8)
∑
i∈Z
dimHn−i(XQ, ω
i
X/V ♯,Q) = dimH
n
dR(X ).
For Ma, we have
HndR(X ,M
a) ∼=MK ⊗H
n
dR(X ),
and the Hodge-de Rham spectral sequence is given by
Ei,j1 = H
i+j(XQ,Gr
i
F (M ⊗ ω
•
X/V ♯,Q)) =
⊕
k∈Z
Gri−kF MK ⊗H
i+j−k(XQ, ω
k
X/V ♯,Q)⇒ H
i+j
dR (X ,M
a).
By (10.8) we have∑
i∈Z
∑
k∈Z
dimGri−kF MK ⊗H
n−k(XQ, ω
k
X/V ♯,Q) = (dimMK) · (dimH
n
dR(X )) = dimH
n
dR(X ,M
a).
This shows that the spectral sequence degenerates at E1 and hence RΓdR(X ,M
a) is strict. More-
over, by the isomorphism (10.7) and Lemma 10.7 we see that HnpH(X ,M
a)π,logπ is admissible. 
As a corollary of Proposition 4.14 and Lemma 10.8, we obtain the following.
Corollary 10.10. For any uniformizer π ∈ V , the functor
(·)a : MFadK (ϕ,N)→ Syn
ad
π (V
♯/V ♯)
(
resp. (·)a : MFfinK (ϕ,N)→ Synπ(V
♯/V ♯)
)
is an equivalence of categories with a quasi-inverse H0pH(X , ·)π,logπ .
Let X be a proper strictly semistable weak formal log scheme over V ♯ and Yπ := X ×V ♯,τπ k
0.
For an object E = (E ,Φ, F •) ∈ Synπ(X/V
♯), we denote
RΓabs(X ,E)π := RΓabs(Yπ, (E ,Φ)).
By construction, the composition
RΓabs(X ,E)π → RΓHK(X ,E)π
Ψπ,log
−−−−→ RΓdR(X ,E)
is independent of the choice of log, which we denote by ψπ.
Now we may define the syntomic cohomology as a p-adic absolute Hodge cohomology.
Definition 10.11. For an object E ∈ Synπ(X/V
♯), we define the syntomic cohomology RΓsyn(X ,E)π
of X with coefficients in E to be
(10.9) RΓsyn(X ,E)π := Cone
(
RΓabs(X ,E)π ⊕ F
0RΓdR(X ,E)→ RΓdR(X ,E)
)
[−1],
the cone of the map defined by (x, y) 7→ ψπ(x)− y. More precisely, by taking a local embedding
F -datum for Yπ over S, we obtain a simplicial weak formal log scheme Z• with Frobenius lifts φ•.
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For m ∈ N, put Xm := Zm ×S,jπ V
♯ and let X ′m be the exactification of the diagonal embedding
Yπ →֒ Xm ×V ♯ X . Then RΓpH(X ,E)π,log is expressed in terms of explicit complexes as
RΓ(Z•,Q,EZ• ⊗ ω
⋆
Z•/W∅,Q
)
ψπ
−−→ RΓ(X•,Q,EX• ⊗ ω
⋆
X•/V ♯,Q
)
∼=
−→ RΓ(X ′•,Q,EX ′• ⊗ ω
⋆
X ′•/V ♯,Q
)
∼=
←− RΓ(XQ,EdR ⊗ ω
⋆
X/V ♯,Q),
and RΓabs(X ,E)π is represented by the cone
RΓabs(X ,E)π ∼= Cone
(
RΓ(Z•,Q,EZ• ⊗ ω
⋆
Z•/W∅,Q
)
ϕ•
−→ RΓ(Z•,Q,EZ• ⊗ ω
⋆
Z•/W∅,Q
)
)
[−1].
Therefore the syntomic cohomology is precisely defined as
(10.10)
RΓsyn(X ,E)π := Cone
 RΓ(Z•,Q,EZ• ⊗ ω⋆Z•/W∅,Q)⊕ F 0RΓ(XQ,EdR ⊗ ω⋆X/V ♯,Q)↓
RΓ(Z•,Q,EZ• ⊗ ω
⋆
Z•/W∅,Q
)⊕RΓ(X ′•,Q,EX ′• ⊗ ω
⋆
X ′•/V ♯,Q
)
 [−1],
where the map in the cone is defined by (x, y) 7→ (ϕ•(x), ψπ(x)− y). This is well-defined as an
object of Db(ModQp).
For the trivial coefficient OX , we denote RΓsyn(X )π := RΓsyn(X ,OX )π.
For a commutative diagram (10.3) and E = (E ,Φ, F •) ∈ Synπ(X/V
♯), the natural morphisms
f
∗
π,π′ : RΓrig(Yπ/W
∅, (E ,Φ))→ RΓrig(Y
′
π′/W
′∅, f
∗
π,π′(E ,Φ)),
f∗dR : RΓdR(X ,EdR)→ RΓdR(X
′, f∗EdR)
together induce a morphism between syntomic cohomology
(10.11) f∗syn : RΓsyn(X ,E)π → RΓsyn(X
′, f∗π,π′E)π′ .
Considering the case X ′ = X , we see that the syntomic cohomology is independent of the choice
of π under the identification of syntomic coefficients via the canonical equivalence Synπ(X/V
♯) ∼=
Synπ′(X/V
♯).
Finally we mention that the syntomic cohomology group is regarded as the extension group.
Proposition 10.12. Let X be a proper strictly semistable weak formal log scheme over V ♯. For
any E,E′ ∈ Synπ(X/V
♯) we have canonical isomorphisms
HomSynπ(X/V ♯)(E
′,E)
∼=
−→ H0syn(X ,Hom(E
′,E))π,
Ext1Synπ(X/V ♯)
(E′,E)
∼=
−→ H1syn(X ,Hom(E
′,E))π.
Proof. Using an explicit description of the syntomic cohomology (10.10), one can prove our
assertion in a similar way to the proof of Proposition 4.9. Note that, the necessity of taking F 0
in (10.9) arises from the Griffith transversality of extension. 
Although the above proposition deals with only 0-th and 1-st cohomology groups, the fol-
lowing proposition suggests that the syntomic cohomology with admissible syntomic coefficient
computes higher extension groups in a virtual abelian category extending admissible syntomic
coefficients.
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Proposition 10.13. Let X be a proper strictly semistable weak formal log scheme over V ♯. For
E ∈ Synadπ (X ), we regard RΓpH(X ,E)π,log as an object of D
b(MFadK (ϕ,N)) via the equivalence
(10.2). Then there exist a canonical isomorphism
(10.12) RΓsyn(X ,E)π ∼= RHomMFadK (ϕ,N)
(L,RΓpH(X ,E)π,log)
and a spectral sequence
(10.13) Ei,j2 = Ext
i
MFadK (ϕ,N)
(L,HjpH(X ,E)π,log)⇒ H
i+j
syn (X ,E)π.
Proof. Immediately follows from [15, Proposition 2.7]. 
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